Calculus I Section 5-1: Indefinite Integrals

Question 1

Evaluate the indefinite integral

9 o3 1 32
z%e” +—V1+Inex - —— | dz.
T 1+ a3

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 5-1: Indefinite Integrals

Question 1 - Solution

We integrate term by term.

First term:

3
/Jc2eac dx.

Let u = z° , SO du = 3z2 dx:

Second term:

1
/;\/1 +Inxdx.

Let u=1+Inz, so du = %da::

/fdu—f (1+1nx)3/2.

2
/idw,
1+ 23

/1+z3 /7 n(l+27).

Third term:

Let w =14 23, so du = 322 dx:

Final Answer:

1 . 2
ge"‘z + §(1 +Inz)*? —In(1+2%) +C
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Calculus I Section 5-1: Indefinite Integrals

Question 2

Find the most general antiderivative of

/ <621’ sinz + (1_13:)2) dz.
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Calculus I Section 5-1: Indefinite Integrals

Question 2 - Solution

We evaluate each term separately.

First term:

/ e?* sin z dz.

Use integration by parts. Let

u=sinx, dv = e** dz.
Then 1
du = cosx dz, v = §€2$.
So,

2
Apply integration by parts again to the remaining integral. Let

. 1 . 1
/ezm sinx dr = 562‘"” sinz — = | €*® cosx dz.

U = Ccos T, dv = €2 dz.
Then 1
du = —sinz dzx, v = 562“”.
Thus,

1 1
/e% coszdr = 5621 cos T + 3 /e% sinz dz.
Substitute this back:

. 1 . 1 1 .
/6295 sinx dx = ieh sinx — Zezz CcosST — 1 e*® sinz dx.

Add % [ €2*sinz dx to both sides:

5 . 1 . 1
S| esinadr = 562"” sinx — 1822 Cos T.

4

Solve:

e2:v
/629: sinz dx = ?(QSinx —cosx).

Second term:

Let
u=1-z, du = —dx
Then . )
de = — 2du=u"1=
/(1—x)2 : /u e 1—2
Final Answer:
2x 1
?(QSinx—cosx)—l—m—i—C
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Calculus I Section 5-1: Indefinite Integrals

Question 3

Determine an antiderivative of
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Calculus I Section 5-1: Indefinite Integrals

Question 3 - Solution

For |z| < 1,set u=1—2?% so du= —2xdz and 2> =1 — u.

3 1 .

1
- 1—x2+§(1—x2)3/2+0.

Differentiation gives 2/v1 — 22 — 2v/1 — 22 = 23 //1 — 22.
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Calculus I Section 5-1: Indefinite Integrals

Question 4

Evaluate the integral

/(ﬁ Inz + \/15> dz.
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Calculus I Section 5-1: Indefinite Integrals

Question 4 - Solution

We first rewrite the integrand using exponents:

1
Vrlne+ — =2Y2Inz + 22
VT

For the first term, apply integration by parts with

u=Inz, dv = z'/? dx.
Then 1 5
du = —dz, v=z%72
x 3
Thus,

/xl/anajdw = §x3/2 Inz — ;/xl/Q dr = §x3/2 Inx — %x3/2.

For the second term,
/x_1/2 dx = 2212,

Combining results:

%zB/zlnx — %x3/2 +2212 1 ¢
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Calculus I Section 5-1: Indefinite Integrals

Question 5

Find an antiderivative of

1 x?
—arctanx + —— | d=z.
T 1+ 22
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Calculus I Section 5-1: Indefinite Integrals

Question 5 - Solution

1 x? arctan x x?
—arctanx + —— | de = | ————dx+ | —— dx.
z 14 22 x 1+ 22

1) The rational part

Split the integral:

Rewrite:
x? 1

1422 1 4a?

x? 1
mdﬂf: l—m dr = xr — arctan x.

arcta
2) The non-elementary part / arctai @ dx
x

So

A common attempt is integration by parts, which produces

t 1
/M dx = arctanz In |z| — / 2 |a:|2 dx,
T 1+z

and then the substitution x = tan 6 turns the remaining integral into

In|z| B
/ 1522 dx = /ln(tan ) db.

/ In(tan #) df is not an elementary antiderivative. So any step claiming

The key clarification is:

/1n(tan 0)df = O1n(tan ) — tan b + C

is incorrect (differentiate it to check).

A correct closed form uses the dilogarithm function Lis. Start from
1 . )
arctan x = 5 (In(1 + iz) — In(1 —iz)) .
i

Then

T 21

/ arctan x dr — 1 / In(1 + ix) ;ln(l — i) dr.

Use the identity

d /
— Liz(u) = ~In(1 - u) %
so, for real =z,
d ., . In(l+ix) d_. . In(l—iz)
%LIQ(—ZQT) - _fa %le(m) = _f
Therefore,
In(1+1 In(1 -1
/de:fmg(fmwc, /Mdz:—Lig(ix)+C,
x x
and hence

arctan x 1 L. . .
/T dz = % (Lu(zx) - ng(—w)) +C.
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Calculus I Section 5-1: Indefinite Integrals

Final Answer

Combine both parts:

2 1
/ 1 arctanz + — | dz = (r —arctanz) + — (Lig(ix) . Lig(—ix)) +C.
x 1+ 22 2
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Calculus I Section 5-1: Indefinite Integrals
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Calculus I Section 5-1: Indefinite Integrals

Question 6

Find the general antiderivative of

/ (:mf””2 +In(1l+ :C)) dx.
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Calculus I Section 5-1: Indefinite Integrals

Question 6 - Solution

We evaluate each term separately.

First term:

/ar;e_g”2 dx.
1 1
/:156_”2 dx = —5/6“ du = —56_”2.

/ln(l + z) d.

Let w = —22, so du = —2z dx:

Second term:

Use integration by parts with
uw=1In(1+ z), dv = dz.

Then

Thus,
dx.

1+

/1n(1+x)dx:x1n(1+x)_/

Rewrite the integrand:

Hence,

/1imdm:$—1n(1+at).

Combining results:

1 2
—5671 +zln(l+z)—z+In(l+z)+C
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Calculus I Section 5-1: Indefinite Integrals

Question 7

Find an antiderivative of

/(m_miﬁ) o
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Calculus I Section 5-1: Indefinite Integrals

Question 7 - Solution

Combine the terms into a single fraction:

V1422 1 (T +22) -1 2z B 2
T 1+2z  a/1+2z z/1+2z J1+2z

Thus the integral simplifies to

2
——dx.
/ V1422
Let
u =1+ 2x, du = 2dx.
Then

2
—= _dr= [ w3 du = 2u'?.
V1+2z /

2vV1+2x+C

Substitute back:
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Calculus I Section 5-1: Indefinite Integrals

Question 8

Find the general antiderivative of

2

/(1n(:c+ 1+:c2) + \/ﬁix?) dx.
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Calculus I Section 5-1: Indefinite Integrals

Question 8 - Solution

Split the integral:
2

/ln(x—F 1—|—x2> dx + /\/%daj
x

Part A: /ln(ac—I— 1 —|—x2> dx
Use integration by parts with

u:hl(er 1+z2), dv = dz, v =z
Let
gx)=x+ 1+ 22
Then ()
g\r / z
du = dx, gx)=14 ——.
9@ @) =1+ e
Thus 4=
'7‘ 1
du = VIt2? gy — dz.
T+ vV1+22 V1+22
Therefore,
x
1n(:v+ 1+x2) d:z::zln(z+ 1+x2)7/7dx.
/ V14 22

Let w =1+ 22, dw = 2z dz:

1
/7%11932 dmzi/w_l/gdw:\/l—i—x?.

Hence,

/1n<x+ 1+x2) dx:xln(x+\/1+x2) — 1+ 22.

2
x
Part B: / ——— dx (use an easier trigonometric substitution
V14?2 ( & )
Let
T = tané, dr = sec® 0 do, vV 1+ 22 =sech.

Then
t

2 2
/\/%dm:/ :eri:; seczﬂdﬂz/tan20 secddf.

Use tan? 6 = sec? 6 — 1:

/tan2 0 secfdf = /(sec3 0 — sech) do.

Evaluate each term directly:

/sec@dﬁ =In|secf + tan 6|,
and for f sec® 0 df, integrate by parts:
3 1
sec” 0 df = 3 (secOtan® + In|sect + tan b)) .

Thus,
1 1
/(sec39 —secf)dd = isecetanﬁ - §ln\se09 + tand|.
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Calculus I Section 5-1: Indefinite Integrals

Return to z using tanf = z, secd = /1 + z2:

x? 1 1
7dx:fx\/1+m2—fln<a:+ 1+x2).
/\/1+332 2 2

Combine Parts A and B:

1 1
xln(x+\/1+x2)—\/1+x2+§m\/1+w2—§ln(x+ 1+m2)+C’
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Calculus I Section 5-1: Indefinite Integrals
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Calculus I Section 5-1: Indefinite Integrals

Question 9

Find the general antiderivative of

arctan x
72 dl’.
T
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Calculus I Section 5-1: Indefinite Integrals

Question 9 - Solution

We use integration by parts.

Let 1
u = arctanx, dv = — dx.
Then ) 1
du = —— dx, v=——.
1+ 22 x

Applying integration by parts,

/ arctan arctan x / 1
———dx = — +
x? x (1 + 22)

Now decompose the integrand:

1 1 x

c(1+22) 2 1+a2
Thus,

1 1
—~  _dr=In|z| - > In(l +22).
/m(1+x2) v =lnfa] = 5 In{l+2a7)

Final Answer:

arctan

1
+1n\x|—§ln(1+w2)+0
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Calculus I Section 5-1: Indefinite Integrals

Question 10

Find an antiderivative of

x In(1 + 22)
[
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Calculus I Section 5-1: Indefinite Integrals

Question 10 - Solution

Use the substitution

u = In(1 4 z?).
Then 9 1
T T
d :7(;{ 7d :7(1 .
YT 2 T ™

Rewrite the integral:

2
/dezlfudu_
1+ 22

1 1
§/udu = Euz.

(In(1+ 55‘2))2 +C

(\}

Integrate:

Substitute back:

] =
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 1

Compute the indefinite integral

/w2e‘” dx.
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 1 - Solution

Use integration by parts with
u =z, dv = e" dx.

Then
du = 2z dzx, v=c¢e".

/x2er do = z%e® — /2xer dx.

Apply integration by parts again to [ 2ze® da:

So

u=2x, dv=-e"dr=du=2dz, v=_e".

Thus,
/2;26$ dx = 2ze® — 2/6”” dx = 2ze® — 2e”.

Hence,
/x2e”” dr = e*(2* — 2z +2) + C.

Final Answer:

/xzemdx =e"(2® — 20 +2)+C
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 2

Evaluate the integral

/x2 In(z? + 1) dz.
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 2 - Solution

Use integration by parts. Let

Then

Apply integration by parts:
3 2 4
/mQIn(m2+l)dx - %111(952 +1)— g/z;:iﬂdx.

Simplify the integrand by division:

T 9 1
=z -1+ —.
v +x2—|—1

Thus,
3

zt 1 x
/mdx:/(f—l)dx—&—/mdmz;—x—i—arctanx.

Substitute back:

9 9 x3 9 2 (23
/37 In(z* +1)dx = gln(x +1)— 3 (3 —x—l—arctanx) .
Final Answer:
3 23 2z 2
%ln(mg—i—l)— %—i—;— garctanm—i—C’
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 3

Evaluate the integral
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 3 - Solution
Rewrite the integrand by separating powers of x:

3 r(x?+1-1) x x

@+12  @+1)2  22+1 (@112

T x
[ e [ e

For the first integral, let u = 22 + 1, du = 2x dx:

Split the integral:

T 1 du 1
== [ Z = Zin(z2 +1).
/x2+1d$ 5 | % — g+l

For the second integral, use the same substitution:

T 1 9 _ i__ 1
/(x2+1)2dx_2/“ W= T T )

Combine results:

1 1
Zln(xz?+1 -
ple” + D+ gragy +¢
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 4

Evaluate the integral

/;L' Va2 + 4 In(z? +4) da.
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 4 - Solution

Use substitution. Let
u=a%+4, du =2z dzx.

Then

1
/m\/x2+4ln(m2+4)da§= §/u1/21nudu.

Apply integration by parts with

w = lnu, dv = u'’? du.
Then ) 5
dw = — du, v=u¥2
U 3
Thus,

2 2 2 . 4
/ul/anudu: 2w nu — f/ul/Q du = ~u?Inu— —u®/?.
3 3 3 9

Multiply by % and substitute back:

1 2
g(ﬁ +4)32In(2® + 4) — §(g;2 +4)32 4+ C
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 5

Evaluate
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 5 - Solution

Step 1: Rewrite the integrand
Write 22 = (22 +1) — 1:
2

x (22 +1) -1 \/27 1
- Y I .
vz +1 vVaZ+1 2 +1

x? 1
———dx = \/m2+1dx—/7dx.
/\/x2+1 / v +1

Step 2: Trigonometric substitution

Let

Thus,

r = tané, dz = sec® 0 df.
Then

Va2 + 1= Vtan20 + 1 = secf.

Step 3: Evaluate /\/x2 + 1ldx

Substitute:

/\/x2+1d1::/se(;9(sec20d9):/sec39d9.

To evaluate [ sec® 0 df, write
sec® 6 = sec O sec? .

Let
u = sec, dv = sec? 0.db.

Then
du = secftan 0 do, v = tan.

By integration by parts,
/ sec® 0 df = secftanh — / tan d(sec § tan 0) do.

Simplify the integrand:
tan? 0 = sec? 0 — 1,

SO

/sec3 0 df = secftanb — /sec O(sec? 0 — 1) db.

Distribute:
=secHtanf — /sec39d6 + /sec@d&.

Move the repeated integral to the left:

2/sec30d9:sect9tan9+/secﬁdﬁ.

Now compute [ sec6 db:

/SeCQdQZ/SeCQ(SeC9+tan9) 40
secd + tan 6

Let
u=sech + tan¥, du = (sec @ tan 6 + sec? 0) df = sec O(sec § + tan ) df.
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Calculus I Section 5-2: Computing Indefinite Integrals

Hence,
/sec@d& =In|sect + tanf| + C.

Substitute back:
2/sec3 0df = sechtanf + In |sec + tand|.

Therefore,

1
/sec39d9: 5(sec@tan9+ln|se09+tan9|) +C.

Returning to z:
secl = \x2+1, tanf = x.

Thus,

/\/x2+1dx:%(x\/:52+1+1n<x+ x2+1)> +C.

1
Step 4: Evaluate ——dx
P / Vat+1

1 _ 1 9 _
/mda:—/seco(sec Hde)—/secedﬁ.

/SeCQdQ:ln|sece+tan9|+C:1n(m+ x2+1) +C.

Substitute again:

From above,

Step 5: Combine results

<z\/x2+1+ln(1’+ x2+1)>—ln(:g+ x2+1)+C’.

|~

22
/ ———dxr =
vz +1
Combine logarithms:

1
:g\/x2+1—§ln(x+ x2+1>—|—C’.

Final Answer:

2 1
/ x dng\/ﬂ—l—l—iln(x—i— x2+1)+C

2 +1
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Calculus I Section 5-2: Computing Indefinite Integrals
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 6

Evaluate the integral

23lnz
——dx.
/1+x2 *
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 6 - Solution
Rewrite the integrand by splitting the rational expression:

.’£3 x

14 z2 - 1422

z3Inz zlnx
/mdmz/xlnxdx—/l+m2da:.

First integral: Use integration by parts with

Thus,

u=Inz, dv =zxdz.
Then )
duzldx, v:x—.
x 2
So ) )
/xlnxdm = C%lngc — %

Second integral: Use integration by parts with

X

u=Inz, dv:mdx.
Then
du=2d L1+ 22)
U= —dax V= —-1In X ).
xz 2
Hence,

zlnx 1 o 1 [In(1+2?)

The remaining integral is non-elementary and is expressed using the dilogarithm function:

In(1 4 22 1 .
/%dl‘ = —5 ng(—$2).

Therefore,
"l 1 1
/ %11;2 dr = 51111: In(1 + 2?) + 1 Lip(—2?).

Final Answer:

x? x?

]. 2 ]- . 2
?lnx—z—ilnxln(l—kx )—Zle(—x )+ C
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 7

Evaluate the integral

[V
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 7 - Solution

For z # 0, write s = v/1 + 22, so ds = (z/s) dz and z? = s? — 1.

V1+ 22 2 1 1
/ﬁdx:/sids:s—&—flns +C.
x s2—1 2 |s+1
Since (s — 1)(s + 1) = 22, this becomes
\/1—|—x2—|—1n# +C
1+ V1422

The formula is valid on either interval (—oo,0) or (0, 00); constants may differ between intervals.
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 8

Evaluate the integral
/(LL‘2 + 1) In(2® 4 1) da.
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 8 - Solution

Using substitution does not work!
uw=a%+1, du =2z dzx.

Rewrite the integrand:

d
(22 + D In(z? + 1) dz =ulnu- 2—u
x

Instead, apply integration by parts directly.

Let
u = In(z? 4 1), dv = (z? + 1) dx.
Then 5
2x T
du = 1:27—'_1 de, v = ? +x

Apply integration by parts:

3 3
/(m2+1)ln(x2+1)d$: (g—kx) ln(x2+1)—/<g+x>a:22j_1dx.

Simplify the remaining integral:

x3 N 2x 24 N 22
— = }
3 z2+1  3(22+1) 2241

Use algebraic division:

Thus,

/(:c2 + 1) In(z? + 1) do = <:'§ + x) In(z? +1) — / (g(ﬁ -1)+ 3<x22+ 0 + ;‘fJ dz.

Compute term by term:

3
/(xzfl)dx:%—z,

/ LI t / L £
———— axr = arctanx, — QX = X — arctanx.
2+ 1 2 +1

Putting everything together,

3 20 x4
/(x2+1)ln(x2+1)dx: (2+x)1n(m2+1)—g—;—i—garctanm—&—c
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 9

Evaluate the integral

,134
/(1+ac2)3/2 o
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 9 - Solution

Use the trigonometric substitution
T = tané, dz = sec? 0 do.

Then
1+ 22 =sec?, (1+2%)3/2 = sec® .

Substitute into the integral:

tan* 0
/ an sec?0dh = /tan4 0 cos b db.
sec3 0

Rewrite tan? 6:
tan® 6 = (sec® 6 — 1)® = sec* 6 — 2sec? 0 + 1.

Thus,
/(Sec3 0 — 2sec + cos ) db.

Integrate term by term:

/sec3 0df = 1sectand + % In(sec§ + tan),

/sec@dﬂ = In(sec§ + tan6), /cos@d@ = sin6.

Combining,

1 3
§secﬁtan9— iln(sece—i—tanﬁ) +sinf + C.

Substitute back:

x
secl = 1+ z2, tanf = z, sinf = —.
V1422

Therefore,

x 3 T
T 22 ( 1 2)
5 +x 2nsc—|— +z=) + %1—1—:52_'_0

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 5-2: Computing Indefinite Integrals

Question 10

Evaluate the indefinite integral:
/ 224+ 2242 d

——dzx
Va2 +2x4+5
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Calculus I Section 5-2: Computing Indefinite Integrals

Question 10 - Solution

We are given:

2242z +2
—dx
Va2 +2z+5

Rewrite the numerator:
2+ 20 +2= (2 +2x+5)—3.

Then

249 2
v Ar /\/x2—|—2x—|— 5dx —3 /
\/x2—|—21‘+

Complete the square:

vxz + 2z +5

2 4+22+5=(r+1)>+4.

Let
t=x+1.
Then
420 +5=1>+4
and
dt = dzx.
So the integral becomes:
dt
V2 +4dt—3/7.
/ Vit2 +4

Using the formulas
t 2
/\/t2 ta?dt = Vit a? + %ln ‘t+ V2 +a2‘

and i
NN/ s |
/m
with a = 2, we get:

/\/t2 +4dt = %\/ﬂ +4+21n’t+ Vaz +4’

and

dt
3 & :31n’t+\/t2+4‘.
/\/t2+4

Therefore,

2 4+ 2x 42 5 2y 2y

\/t +21n‘t+\/t ‘—3ln‘t—|—\/t ‘

\/3@2 +2x+5

Simplify:

:%\/t2+4—ln‘t+ \/t2+4’+0.

Substitute back t = = + 1:

1
x;L \/x2+2x+5—ln‘x+1+\/x2+2z+5’+C
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Calculus 1 Section 5-3: Substitution Rule

Question 1

Evaluate the integral
/ reV 1+x2

V1422
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Calculus 1 Section 5-3: Substitution Rule

Question 1 - Solution

Use substitution. Let

=1+ 22

Then
W=1+2> = 2udu=2zdr = zdr=udu.

Substitute into the integral:

/ ue d / uy
uw= [ e"“du.
Vv1+ x2 U
Integrate:
/e“ du = e".
Substitute back:
e\/1+:1:2 +C
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Calculus 1 Section 5-3: Substitution Rule

Question 2

Evaluate the integral

/ In(z% + 1) o du

2 +1
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Calculus 1 Section 5-3: Substitution Rule

Question 2 - Solution

Use substitution. Let

u = In(z? +1).
Then 9 . 1
du:7x2+1dx = 7x2+1dx:§du.
Substitute: In(a? 4+ 1) .
/T_H:cdx: i/udu
Integrate:

1 1
i/udu = ZUQ.

(In(z® + 1))2 +C

Substitute back:

RNy
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Calculus 1 Section 5-3: Substitution Rule

Question 3

Evaluate the integral

23
/7@;
V14 xt

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 5-3: Substitution Rule

Question 3 - Solution

Use substitution. Let

u=1+z*
Then )
du=423dx = 23dx= 1 du.
Substitute into the integral:
a3 1
——dr = - 172 gu.
/ V1 + z? S /u B

Integrate:
1 1 1
/u_l/Qdu =1 oul/? = 5\/17

Substitute back:

%\/1—}—3@4—1—0
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Calculus 1 Section 5-3: Substitution Rule

Question 4

Evaluate the integral

+3 2
/ x sin(z?) da
1+ cos(z?)
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Calculus 1 Section 5-3: Substitution Rule

Question 4 - Solution

Use substitution. Let
u = cos(x?).

Then 1
du = —sin(z?) - 2zdr = — 3 du = x sin(2?) d.

Substitute into the integral:

x sin(z?) 1 du

——dr = —= :
/1 + cos(z?) 2) Vit+u

Integrate:

1
—%/(l—i—u)_lmdu:—5-2(1+u)1/2:— 1+

Substitute back:

—v/1+cos(z?)+C
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Calculus 1 Section 5-3: Substitution Rule

Question 5

Evaluate the integral

/de
J 1+V1+22
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Calculus 1 Section 5-3: Substitution Rule

Question 5 - Solution

Use substitution. Let

=1+ 22

Then
W=14+22 = 2udu=2zdr = 2zdr=2udu.

Substitute into the integral:

/HW /

Rewrite the integrand:

Integrate:

/2(1 1—1U) du =2u — 21n(1 + u).

2\/1+x2—21n<1+\/1+x2) e

Substitute back:
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Calculus 1 Section 5-3: Substitution Rule

Question 6

Evaluate the integral

7 el/(1+z?)
e da.
/(1+z2)2 v
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Calculus 1 Section 5-3: Substitution Rule

Question 6 - Solution

Use substitution. Let

Then 5 1
T T
du=————-—=d ——du = ———dz.
u EeSE T = 5 u 0T 222 T

z el/(1+2?) 1 [,

1 1
—3 /e" du = —56“.

1
—561/(1+I2) +C

Substitute into the integral:

Integrate:

Substitute back:
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Calculus 1 Section 5-3: Substitution Rule

Question 7

Evaluate

/ T ln(l +4/1 - x2) dz.
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Calculus 1 Section 5-3: Substitution Rule

Question 7 - Solution

Let
u=+/1-—22
Then
du = __r dx = _z dr = —du
V1— 2?2 V1— 22
So the integral becomes
- /ln(l + u) du.

Now integrate by parts. Take
w = In(1+ u), dv = du,

SO

dw = 1 du, v = U.
1+u
Then
U
_/ln(1+u)du:—(uln(1+u)—/1+udu>.
Simplify
U i 1
1+u 1+u’
hence
/1iudu=/<1—1_'1_u>du:u—1n(1+u).
Therefore,

—(uln(l+u)—u+In(l+u)=—uln(l+u)+u—In(l+u)+C.
Substitute back u = v1 — z2:

—V1—22 1n(1+\/1—x2)—|—\/l—m2—1n(1+\/1—x2)+0
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Calculus 1 Section 5-3: Substitution Rule

Question 8

Evaluate the integral

/ 31 VIn(1 + 23) dz.

1423

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 5-3: Substitution Rule

Question 8 - Solution

Use substitution. Let

u = In(1 4 z?).
Then )
3
du = de.
1+ 23

Substitute into the integral:

322
VIn(l+ 23)dx = /\/ﬂdu

1+ 23

Integrate:
/u1/2 du = §u3/2.

Substitute back:

2 o

%(ln(l + 2%))
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Calculus 1 Section 5-3: Substitution Rule

Question 9

Evaluate the integral

X.
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Calculus 1 Section 5-3: Substitution Rule

Question 9 - Solution

Rewrite the integrand to reveal a derivative pattern:

2 cos(v/x) - %(\/E)
Let
u=+/x.
Then L
du = ﬁdx = dr =2z du.

Substitute into the integral:

cos(\/g})dx:/co\s/(;) ~2\/Edu=2/cosudu.

Integrate:
2/cosudu = 2sinu.

Substitute back:
2sin(y/x) + C
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Calculus 1 Section 5-3: Substitution Rule

Question 10

Evaluate the integral

/mln(l —z%) dx.
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Calculus 1 Section 5-3: Substitution Rule

Question 10 - Solution

Let

u=1-22

Then
du = —2x dx.

/xln(lfxz)dx:f%/lnudu.

/lnuduzulnu—u.

Rewrite the integral:
Now integrate:
Therefore,

1
—§(ulnu—u) +C.

Substitute back:

_% [(1—22)In(1 —2?) — (1—a?)] +C
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Calculus 1 Section 5-4: More Substitution

Question 1

Evaluate the integral

r 2
‘/1+x2\/1+ln(1+m )dx.
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Calculus 1 Section 5-4: More Substitution

Question 1 - Solution

Step 1: Choose a substitution
Set u =1+ In(1 + 22), so du = 2x/(1 + 2?) dx.

1 1 .
/lfiﬂs/l—i—ln(l—ka)dx:§/u1/2du:§ud/2—|—0.

(1+In(1+2%)"* +¢.

1
3

This is valid for every real x.
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Calculus 1 Section 5-4: More Substitution

Question 2

Evaluate the integral
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Calculus 1 Section 5-4: More Substitution

Question 2 - Solution

Because the integrand contains v/4 — 2, a trigonometric substitution is natural.
Let
x = 2sin6.

Then

dx = 2cosfdb, \/4—x2:\/4—4sin29:2cost9.
Substitute into the integral:

2 4sin® 6 .9
/ﬁd:ﬁ:/m~2cosgd9:/481n 0do.

Use the identity

sin? g — 1- cos(29).
2
Then ) 00
/4sin29d9 = 4/%() o = 2/(1 — cos(20)) df.
Integrate:

2 (9 _ ;sin(29)) — 20 — sin(26).

Return to x using

0= arcsin(g) ) sin(26) = 2sinf cosf = g\/él -z

Thus,

Qarcsin(g) — g\/4 -2+ C

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 5-4: More Substitution

Question 3

Evaluate the integral

2
/Iida:, r>3.
2 —9
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Calculus 1 Section 5-4: More Substitution

Question 3 - Solution
Because the integrand involves vx2 — a2, a hyperbolic substitution is natural.

Let
x = 3cosht.

dr = 3sinh t dt, Va2 —9=19cosh’t — 9 = 3sinht.

Substitute into the integral:

Then

z? 9 cosh? ¢ 9
———=dx = | ———— -3sinhtdt = | 9cosh”tdt.
/a/m2—9 / 3sinht /

Use the identity

1 h(2t
cosh?t = H#().

Then 0 0 )
/9cosh2tdt =3 /(1 + cosh(2t)) dt = 3 (t + 3 sinh(2t)) .

Simplify:

9 9

Return to z. Since

x=3cosht = = arcosh(%) ,
and
3 3 9

79 22v/22 — 9
sinh(2t) = 2sinh ¢ cosht = 2 (x) (x) _ VT T Y

Substitute back:

garcosh<§) + gx/xZ -9+ C
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Calculus 1 Section 5-4: More Substitution

Question 4

Evaluate the integral

x
/7@
J VxZ+2x+5
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Calculus 1 Section 5-4: More Substitution

Question 4 - Solution

Complete the square:
2 4+224+5=(r+1)>+4.

Let
u=x+1, du = dx, r=u—1.

Then the integral becomes
u—1

U 1
L du= [ e du— [ ——du.
vu? +4 “ /\/u2+4 " /\/u2+4 "

First integral: Let w = u? + 4, so dw = 2u du:

U 1
———du== [ w Y dw = Vu?+4.
/ Vu? +4 2 /
Second integral (expanded):
1
— du.
/ Vu? 44
Use a trigonometric substitution. Let
u = 2tan6.
Then
du = 2sec?0do, \/u2+4:\/4tan20+4:2sec9.
Substitute: »
1 2sec
———du= | ——df = 0de.
/m B / 2sect /Sec
Recall:

/sec€d9:1n|5609—|—tan0|.

Return to w:

U Vu? +4
tanf = —, sec) = ———.
2 2
Thus,
1
7du:1n(u+ u2+4>.
/ Vu?+4

Final Answer:

\/x2+2:c+5—1n(x+1+\/x2—|—2x+5)+C
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Calculus 1 Section 5-4: More Substitution

Question 5

Evaluate the integral

/ dx
1+4sinz’
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Calculus 1 Section 5-4: More Substitution

Question 5 - Solution

The integrand is defined wherever 1 + sinx # 0.
A primitive valid on each such interval is

cosw
1+sinx
Indeed, the quotient rule gives
d cosz \ _ sinz(l+sinz)+cos®z 1
de \ 1+sinz) (1 + sinz)? ~ 1+sinaz’

This expression introduces no extra excluded points.
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Calculus 1 Section 5-4: More Substitution

Question 6

Evaluate the integral

/\/x2 + zdzx.
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Calculus 1 Section 5-4: More Substitution

Question 6 - Solution

Because the integrand involves a square root of a quadratic expression, an Euler substitution is effective.
Complete the square:

2= (o) -

1 1 1
x+§=§ t-; s t > 0.

1 1
dr==(1+=) dt
v 2<+t2) ’

e (i) 2

Substitute into the integral:

!

Use the substitution

Then

and

2

Simplify:

Integrate:

Substitute back using

Thus,

(z+13) \/x2+x—éln‘2x+1+2\/:ﬂ2+m’+C

1
2
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Calculus 1 Section 5-4: More Substitution

Question 7

Evaluate the integral

/\/x2 + zdzx.
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Calculus 1 Section 5-4: More Substitution

Question 7 - Solution

Begin by completing the square:
Let

Then

The integral becomes

Now use a standard substitution for expressions of the form vu? — a2. Let
u = % sec 6.

Then
duz%sec@tanﬁd@, u2—1:%tan9.

/y/iﬂ—idu:/%tan@-%secﬁtanﬂd@zi/tarﬁ@sec@dﬁ.

Use the identity tan? § = sec? — 1:

Substitute:

1
1 /(sec3 0 — sec ) do.
Integrate:
1
/sec3 0do = i(secﬁtanﬂ +1In|sect + tand)|),
/sec9d9 = In|secf + tan 6.

ThuS,
] SC : | SC Le |
2 ¢ 2 ¢

Return to x using
secl = 2u =2z + 1, tanf = 2v/ 22 + .

Final Answer:

(er%) \/12+zféln’2x+l+2\/x2+x)JrC'

|~
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Calculus 1 Section 5-4: More Substitution

Question 8

Evaluate the integral

/ r+2
—_—dx
J VaZ+4xr+8
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Calculus 1 Section 5-4: More Substitution

Question 8 - Solution
Complete the square in the denominator:
22t +8=(x+2)2 +4

Let
u=ux++2.

Then
du = dzx, z+2=u.

Substitute into the integral:
x4+ 2

——dx = / % g
VZ+ 4z 18 izt d
Now use a direct substitution. Let
w=u?+4, dw = 2u du.
Then

U _ 1 -1/2 5. _

Vaz+4z +84C

Substitute back:
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Calculus 1 Section 5-4: More Substitution

Question 9

Evaluate the integral

/f—de
J (@2 +2x+3)3/277
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Calculus 1 Section 5-4: More Substitution

Question 9 - Solution
Begin by completing the square in the denominator:
2422 4+3=(x+1)2+2

Let
u=ux-+1.

Then
du = dz, (2 + 2z + 3)3/2 = (u? 4 2)%/2,

Substitute into the integral:
Y g
(w2 +2)32
Now use a direct substitution. Let

w=u?+2, dw = 2u du.

Then )
u _ 1 —3/2
/(u2+2)3/2 du—2/w dw.
Integrate:
) 1 1
wid/Q dw = 5 <72’UJ71/2) = 7%
Substitute back:
1
——+ C
Va2 +2z+3
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Calculus 1 Section 5-4: More Substitution

Question 10

Evaluate the integral

61}
—dx
/\/1+62“c
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Calculus 1 Section 5-4: More Substitution

Question 10 - Solution
Begin with an exponential substitution. Let
Then
du = e” dx.
Substitute into the integral:
/ <4 / L 4
——dr = | —— du.
V1+e2® V1+u?

Inverse trigonometric step (expanded):
We recognize the integrand as the derivative of arsinh u or arctan u—type expressions. Use a trigonometric
substitution to justify the result.

Let
u = tan6.
Then
du = sec® 0 db, \/1+u2:\/1—|—tan29:se09.
Substitute:

1 sec2 0
—— du= | =T a0 = [ secods.
/m " /sece /Sec

Recall the standard integral:
/sec&d@ = 1In|secf + tan6)|.

Substitute back using
tand = wu, secl = /1 + u2.
Thus,
1
7duzln(u+ 1+u2>.
/ V1+u?

Substitute back u = e*:

1n<e$ +4/1 —1—6295) +C
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Calculus 1 Section 5-5: Area

Question 1

Find the exact area of the region enclosed by the curves

y=zv4—22 and y=2>
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Calculus 1 Section 5-5: Area

Question 1 - Solution

First find the points of intersection:

x4 — 22 = 22
Factor:
a:(\/4—x2—sc) =0.
Thus,
=0 or V4—22=nux.

Square the second equation:

On the interval [0, /2], we have
V4 — 22 > 2.

Therefore, the area is
V2
A:/ (x\/4—332—x2) dz.
0
Split the integral:
V2 V2
A:/ x\/4—x2dx—/ 22 d.
0 0
For the first integral, use substitution. Let
uw=4-—22 du = —2xdx.

Then

1 1 1
/x\/4 —z2dr = —i/ul/2 du = —§u3/2 = —5(4 — x%)3/2,

Evaluate from 0 to v/2:

For the second integral:

310 3
Subtract:
A_8—2\/§_2\/§_8—4ﬁ
3 3 3
8 —4v/2
3
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Calculus 1 Section 5-5: Area

Question 2
Find the exact area of the region enclosed by the curves
y=Inx and y=x-1,

restricted to the interval 0 < z < 1.
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Calculus 1 Section 5-5: Area

Question 2 - Solution
On the interval 0 < x < 1, the curves intersect where
Inr=z-1,

which occurs at
rz=1.

For 0 < z < 1, we have
r—1>Inz,

so the area between the curves is

A:/O (z—1) —Inz) dz.

1 2 1
T 1
r—1l)de=|——2| =—=,
/0( ) [2 L 2

1
/ Inzde = [zlnz — ], = -1,
0

Compute each term:

Therefore,

\L,U .
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Calculus 1 Section 5-5: Area

Question 3
Find the exact area of the region enclosed by the curves
y=+x and y=z?,

restricted to the interval 0 < x < 1.
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Calculus 1 Section 5-5:

Area

Question 3 - Solution

First determine which curve lies above the other on [0,1]. For 0 < z < 1,
N z2.
Thus, the enclosed area is
A= /01(\/5—952) dz.

Evaluate each term:

1 1
2 2
de = | 2232 =2
/O\/Ex [39& Rt
1

1
/ 22 dr = ig :1
0 31, 3

Subtract: 5 1 )
A=2-_- ==
3 3 3
1
3
1ty 7
—y="/%
=== gfé z?
0.5 + ///
0.2 0.4 0.6 0.8 1
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Calculus 1 Section 5-5: Area

Question 4
Find the exact area of the region enclosed by the curves

y=xzv2—z and y=ux.
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Calculus 1 Section 5-5: Area

Question 4 - Solution

The intersections satisfy xv/2 — x = z, giving z = 0, 1.
For 0 < x < 1, the square-root curve is above the line, hence

A:/Ol(x\/H—x)dx.

With u =2 — z,

1 2 2
4 2 . 16v2 — 14
/:r\/Q—xdx:/ (2 - w)adu = | Lz - 2] Z10V2 14
0 1 3 5 1 15

32 —4
_32v2-43
30

A 0.
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Calculus 1 Section 5-5: Area

Question 5

Find the exact area of the region enclosed by the curves

y=|z|] and y =22
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Calculus 1

Section 5-5: Area

Question 5 - Solution

First find the points of intersection by solving

x| = 2
For x > 0, this becomes
r=2> = z=
For = < 0, we have
=2 = z=
Thus, the curves intersect at
x=-1,0,

Oorx=1.

Oorax=-—1.

1.

On [0, 1], we have |z| = 2 > 22, and by symmetry the same holds on [—1,0]. Therefore, the total area is

twice the area on [0, 1]:

1
A:Q/(x—a;2)dx.
0
Compute the integral:
1 2 371
9 T T 1 1 1
— d: _—— — = - — — = —
/O(x @) de [2 3]0 2 3 6
Thus,
1 1
A=2.-—-=—.
6 3
1
3
\ 1Y —y =A%
h 0.5+ /

T

-12 -1 —-0.8 —-0.6 —0.4 —0.2

02 04 06 0.8

1

|
>

1.2
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Calculus 1 Section 5-5: Area

Question 6

Find the exact area of the region enclosed by the curves

y=2z and y=2z>
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Calculus 1

Section 5-5: Area

Question 6 - Solution

First find the points of intersection:

r=2% = 2@*-1)=
Thus,
x=-1,0, 1.
On the interval (0, 1), we have
T > x?’,

and by symmetry, the same configuration occurs on (—1,0).
Therefore, the total enclosed area is twice the area on [0, 1]:

1
A:Q/ (z — %) du.
0

Evaluate the integral:

1 2 471
3 T x 1 1 1
e = || =22 ==
/0(3j z")de [2 4]0 2571 4
Thus,
1 1
A=2.- ==
4 2
1
2
1 Y — Y
A

—12 —1 —0.8 —060.4 — 02 04 06 08 1

1.2
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Calculus 1 Section 5-5: Area

Question 7
Find the exact area of the region enclosed by the curves
y=sinz and y=cosx

on the interval 5

<z —.
- T 4

m
4
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Calculus 1 Section 5-5: Area

Question 7 - Solution
First find the points of intersection by solving
sinx = cosz.

This gives

tanz =1 = x:%+k‘7r.

The smallest two consecutive intersection points occur at

5
:E:% and x:%.

On the interval between these points, we have
sinz > cosx.

Thus the enclosed area is

57 /4
A= / (sinx — cosx) dz.
/4

Compute:
/sinacdx:—cosac7 /cosxda::sinx.
So
A =[—cosx — sin x]i’:;f .

Evaluate: 5 .

— cos<4> — sin(Z) = \/5,

fcos(z) - sin(g) =2
Thus,

2V/2

1*—‘q~~‘ —— y=sinx
Tes ---y=coszT
0.5 1 1.5 v 2 2.5 3 3.5 4
_17 \\~ _____ _/’
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Calculus 1 Section 5-5: Area

Question 8

Find the exact area of the region enclosed by the curves

1
y=e¢ * and y—1—|—<—1>ar.
e
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Calculus 1 Section 5-5: Area

Question 8 - Solution

First find the intersection points:
At x =0,
At x =1,

1 1
€1==1+<—1>-1.
e e

So the curves intersect at © = 0 and = = 1.
Since e~7 is convex, the chord (the line) lies above =% on (0,1), so the area is

! 1
A:/ <1+<—1)m—ew) dx.
0 e
Compute each piece:
! 1 1 227" 1/1 11
1+(-=-1)z)de=|z+|-—-1)—=| =14+=|-=-1) ==+ —,
0 e e 2], 2 \e 2 2e

Thus

0.2 0.4 0.6 0.8 1
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Calculus 1 Section 5-5: Area

Question 9

Find the exact area of the region enclosed by the curves

X

=In(1 d y=
y=h(l+z) and y="—

Y

between x = 0 and x = 1.
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Calculus 1 Section 5-5: Area

Question 9 - Solution

On the interval 0 < z < 1, we compare the curves. At x =0,

In(1) =0, %:0
At z =1,
In2>—,
o .
In(1+z)> Tz [0, 1].

Thus the enclosed area is

A/O1 (ln(1+x)1/j_gc> da.

1 1
A:/ ln(l—l—a:)dm—/ T da.
0 o 1+

/ln(l—i—x)d:r:(1—|—x)ln(1+x)—x,

Split the integral:

Evaluate the first integral:

SO

/lln(l—i—x)dx: [(1+x)1n(1+x)—x}élenQ—l.
0

For the second integral, rewrite:

r 1
1+x 142"
Then ) )
/ a: dm:/ (1—1> dr=1-1n2.
o 1+=z 0 1+
Subtract:

A=(2m2-1)—(1-1In2)=3n2-2.

y —y=In(1
o =
0.6 1 — 14w
0.4 { |
0.2 | T
1 1 1 1 Ax
0.2 0.4 0.6 0.8 1
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Calculus 1 Section 5-5: Area

Question 10

Find the exact area of the region bounded by the curves

y=+vz and y=Inz,

between z = 1 and x = €2.
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Calculus 1 Section 5-5: Area

Question 10 - Solution

On 1 <z <e? wehave \/z > Inz, so
2

A:[ (Vo —Inz) da.

Compute:
2 2
€ 2 ¢ 2
/ \/de:{x?’/ﬂ = (3 - 1),
. 37 ], T3
82
2
/ lnzdr =[zlnz —2]] =e*+1.
1
Thus 5 5 5
A:§(6371)7(62+1):56376275.
2 )
3¢ ¢ 3
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Calculus I Section 5-6: Definition of the Definite Integral

Question 1

Consider the function
flx)=2zx+1

on the interval [0, 2].
Using the definition of the definite integral, express

/02(2374—1) do

as the limit of a Riemann sum with n equal subintervals.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 1 - Solution

Divide the interval [0,2] into n equal subintervals. Each subinterval has width
2
Ar = —.
n
Using right endpoints, the ¢th sample point is

9
a:i:O—&—iAsc:—Z.
n

Evaluate the function at x;:

The Riemann sum is

Simplify:
2 o [ 4i 8 < 2 —
2 (Rer)=m vy
=1 =1 i=1
Using
2 n(n+1) ~
pIIERLUSL R ST
i=1 i=1
we obtain . ) )
ﬁ'n(n+ )+* n=4<1+>+2
n 2 n
Thus,

2
/(2x+1)dx: lim (6—1—4) = 6.
0 n— 00 n

y=2zx+1
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Calculus I Section 5-6: Definition of the Definite Integral

Question 2

Let
f(z) = a?

on the interval [1, 3].
Using the definition of the definite integral, write

3
/ 22 dx
1

as the limit of a Riemann sum using midpoints.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 2 - Solution

Divide [1, 3] into n equal subintervals of width Az = 2/n.
The midpoints are zf =1+ (2i — 1)/n.

2 2 —1\2
Mfzf 1 .
SEN(E

i=1

Use >2(2i — 1) =n? and >.(2i — 1)? = n(4n? — 1)/3:

24n2 —1) 26 2
M,=2444+ 22020 _ 2 2
tat 3n? 3 3n?

3
/ 22dr = lim M, = —
J1

n— oo
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Calculus I Section 5-6: Definition of the Definite Integral

Question 3

Let

on the interval [0, 4].
Using the definition of the definite integral, write

/04\/5dx

as the limit of a Riemann sum using left endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 3 - Solution

Divide the interval [0,4] into n equal subintervals. Each subinterval has width

4
Ar = —.
n

Using left endpoints, the ith sample point is

Ti—1 = (Z — 1)Am =

f(xi_l):\/ZL(inl) :2\/1711'

Zf(mi1)A$_Z;2\/i;1-i—n$8/2;\/i1.

=1

Evaluate the function:

The Riemann sum is

Thus,

n— oo

4 n
. 8 Z .
o \/dez lim W \/Z—l.
i=1

As n — oo, this Riemann sum converges to the definite integral:

4 4
/ Vrdr = gx?’/z = 1—6
A 37,73
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Calculus I Section 5-6: Definition of the Definite Integral

Question 4

Let

on the interval [—1, 1].
Using the definition of the definite integral, express

1
1

—d

/4 a2 ™

as the limit of a Riemann sum using right endpoints, and evaluate the limit.
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Calculus 1 Section 5-6: Definition of the Definite

Integral

Question 4 - Solution
Divide the interval [—1, 1] into n equal subintervals. The width of each subinterval is

N O

2
n n’

Using right endpoints, the ¢th sample point is

9
:I:i:—l—l—iAx:—l—&——Z.
n

Evaluate the function:

The Riemann sum is

Thus,

Evaluating the definite integral,

1
1 1 s T s
/1 mdm = [arctanl’]_l = Z — (71) = 5

T
2

y = 1+I2
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Calculus I Section 5-6: Definition of the Definite Integral

Question 5

Let
flx) =€

on the interval [0, 1].
Using the definition of the definite integral, express

1
/ e® dx
0

as the limit of a Riemann sum using right endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 5- Solution

Partition the interval [0, 1] into n equal subintervals. Each subinterval has width
1
Ar = —.
n

Using right endpoints, the ¢th sample point is

T = 1Ax = L
n
Evaluate the function at each sample point:
fla) = elm.
The Riemann sum is
S fa)da= L3 e

Thus,

Evaluating the definite integral,

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 5-6: Definition of the Definite Integral

Question 6

Let
fx) = |z]

on the interval [—2, 2].
Using the definition of the definite integral, express

2
/ || dx
-2

as the limit of a Riemann sum using equal subintervals, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 6 - Solution
Divide the interval [—2, 2] into n equal subintervals. Each subinterval has width

poo 222 4
n n

Using right endpoints, the ¢th sample point is

4
wi=—2+iAr = —2 4 —.
n

Evaluate the function: 4
)

Fla) = '—2 +

The Riemann sum is

G 4 4i
Thus,
2 n .
4 43
dr = lim — -2+ —.
[ =t 552
To evaluate the integral, use symmetry:
2 2
/ |:c|da::2/ xdz.
-2 0
Compute:
2277
[ -
2 1o
Y
E
_9 2
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Calculus I Section 5-6: Definition of the Definite Integral

Question 7

Let
flx)=3—-2z

on the interval [0, 1].
Using the definition of the definite integral, express

/01(3—2x)da:

as the limit of a Riemann sum using left endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 7 - Solution

Partition the interval [0, 1] into n equal subintervals. Each subinterval has width
1
Ar = —.
n
Using left endpoints, the ith sample point is
i—1
—

Ti—1 = (Z — 1)A1’ =

Evaluate the function at each sample point:

The Riemann sum is

1=1 i=1
Separate the sum:
1 [ 2 o
— ( 3—— (i — 1))
n \“ n -
i=1 i=1
Using
n n _ 1
Si=n  Ye-n="00
‘ ‘ 2
=1 =1
we obtain ) 2 n D
n(n —
—(3n—— =3—-(n—-1)—
Thus,

1 —
/(3—2x)dx:hm <3—" 1):2.
0 n— o0 n

y=3—-2z
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Calculus I Section 5-6: Definition of the Definite Integral

Question 8

Let 1
f(z) = =

on the interval [1, e].
Using the definition of the definite integral, express

e
1
/fdx

1 T

as the limit of a Riemann sum using right endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 8 - Solution

Partition the interval [1,e] into n equal subintervals. The width of each subinterval is

-1
A;E:e .

n

Using right endpoints, the ¢th sample point is

—1
2= 14ide=1+i"—~.
n
Evaluate the function at each sample point:
1
€T;) =
The Riemann sum is
= e—1 1
Zf(.’l?l)Al‘: n Zl%»ld
i=1 =1 n

Thus,

Evaluating the definite integral,
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Calculus I Section 5-6: Definition of the Definite Integral

Question 9

Let
2¢, 0<z <1,
fz) =

2 1<z <2,

)

Using the definition of the definite integral, express

/02 f(x)dzx

as the limit of a Riemann sum, and evaluate the limit.

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 5-6: Definition of the Definite Integral

Question 9 - Solution

Partition the interval [0, 2] into n equal subintervals. Each subinterval has width

2
Axr = —.
n
Using right endpoints, the ¢th sample point is
2
Tr; = —.
n

The Riemann sum is
= 2~ (2
) Ax = — — .
> swar=230o(3)
i=1 i=1
Split the sum according to where the function changes behavior. The condition x; < 1 corresponds to

2i ,
—<1 = i<
n

|3

Thus,
n . n/2 . n
2 2
Zf(n):Z2<n)+ > o2
i=1 i=1 i=n/2+1
Compute each sum:
244 (/2241 n
S A AN S B
n 2 2

=1

Therefore,

Multiply by Ax:

Taking the limit,
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Calculus I Section 5-6: Definition of the Definite Integral

Question 10

Let
f(z) =sinz

on the interval [0, ].
Using the definition of the definite integral, express

s
/ sin z dx
0

as the limit of a Riemann sum using midpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 10 - Solution

Partition the interval [0, 7] into n equal subintervals. Each subinterval has width

The midpoint of the ith subinterval is

The Riemann sum is

Thus,

T TR o1
/0 51nmdx:nll_>nolon2151n(<z—2)

Evaluating the definite integral directly,

/ sinx dx = [fcos;c]g = (—cosm) — (—cos0) = 2.
0
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Calculus I Section 5-7: Computing Definite Integrals

Question 1

Evaluate the definite integral

1
/ (xQem — Qxem) dx.
0
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Calculus I Section 5-7: Computing Definite Integrals

Question 1 - Solution

Combine the terms: )
/ e”(x? — 2x) du.
0

Use integration by parts. Let
u =% -2z, dv = e* dx.

Then
du = 2z — 2) dz, v=e".

Apply integration by parts:
/ex(x2 —22)dx = (2% — 2x)e” — /eI(Zx —2)dx.
Apply integration by parts again to the remaining integral. Let
u=2x—2, dv = e” dx.

Then
du = 2dx, v=c¢e".

Thus,
/61(21‘ —2)dx = (22 — 2)e” — /2696 dx = (2z — 2)e” — 2e”.

Substitute back:
e* (2% — 22) dz = (2 — 2z)e” — [(22 — 2)e” — 2¢7].

Simplify:
o (2% — 4o + 4)e”.

Now evaluate from 0 to 1:
! 1
/ e’(z* — 22) do = [(2* — 4o + 4)637]0.
0

Compute:
(1-444)e—(0—-0+4)=e—4.

e—4
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Calculus I Section 5-7: Computing Definite Integrals

Question 2

Evaluate the definite integral
/2
/ (sin x + sin® a:) dz.
0
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Calculus I Section 5-7: Computing Definite Integrals

Question 2 - Solution

Split the integral:

/2 /2
/ sinx dr + / sin® x dz.
0 0

/2
/ sinxdr = [— cosac]ﬁ/2 =1.
0

Evaluate the first integral:

0
For the second integral, use the identity

1— 2
:%

Then

h
2
[\v]
&.
=]
[\v]
8
s
8
Il
N |

/2
/ (1 — cos2x) dx.
0

Integrate:

Combine results:
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Calculus I Section 5-7: Computing Definite Integrals

Question 3

Evaluate the definite integral

1
/ 221 — 22 dx.
1

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 5-7: Computing Definite Integrals

Question 3 - Solution
First notice a symmetry property. The function
221 — 22

is an even function because replacing x by —z does not change its value. Therefore,
1 1
/ xzx/l—x2dx:2/ 22\ 1 — 22 dz.
-1 0

Now focus on the integral from 0 to 1.
Use a trigonometric substitution. Let
x =sinf, dx = cos6df.

When z =0, § =0, and when z =1, 6 = 7.
Substitute into the integral:

1
/ xzx/l—xQdcc:/
0

/2
0

w/2
(sin? @) (cos 0)(cos 6) df = / sin? @ cos? 6 df.
0
Use the identity
1
sin? 6 cos? @ = 1 sin?(26).

Then
/2 1 /2
/ sin?@ cos? 6df = ~ / sin?(26) d6.
0 4 Jo

Apply the identity

1 — cos(2
sin?u = 70(;( u)

/2 _
/0 L= cos(4) 4y _ é {9 - isin(49)]

2
G-

Finally, multiply by 2 to account for the symmetry:

1
/ xQ\/l—xQd:U:Il:E.
1 16 8

Thus,

1
4

Evaluate:
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Calculus I Section 5-7: Computing Definite Integrals

Question 4

Evaluate the definite integral

Loy
/ g
o V14 a2
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Calculus I Section 5-7: Computing Definite Integrals

Question 4 - Solution

This integral is well-suited for a direct substitution because the derivative of 1+ 2 appears in the numerator.

Let
u=1+z°.

Then )
du=2xdxr = xdx= §du.

Change the limits of integration. When x =0, u = 1. When x =1, u = 2.

Substitute into the integral:
1 2
T 1
——dxr = f/ w2 du.
/o V14 2? 2 )

%/u‘lmdu:%ﬂulm:\/ﬂ.

Integrate:

Apply the limits:

2
\/6‘1:\@—1.
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Calculus I Section 5-7: Computing Definite Integrals

Question 5

Evaluate the definite integral

U
/ rsinx dx.
0
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Calculus I Section 5-7: Computing Definite Integrals

Question 5 - Solution

This integral suggests integration by parts because it is a product of x and sin x.

Let
u =z, dv = sinx dzx.

Then
du = dzx, V= —COoSZ.

Apply integration by parts:
/xsinxda: = —xcosT + /cosxda: = —xcosx + sinx.
Now evaluate from 0 to m:

[~z cosz +sinz|j .

Compute each endpoint:
—mcosT+sinT =T,

—0-cos0+sin0 = 0.

Subtract:
T—0=m.
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Calculus I Section 5-7: Computing Definite Integrals

Question 6

Evaluate the definite integral

2
1
/ dx.
o 1+22
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Calculus I Section 5-7: Computing Definite Integrals

Question 6 - Solution

First observe that the function 1

1422

is an even function, since
1 1

1+ (—z)2 T 1422

Therefore, the integral over the symmetric interval [—2,2] can be written as

| |
/ 7dx:2/ IR
o 1+22 o 1+ a2

Now evaluate the integral. Recall that

1
——— dx = arctan z.
1+ 22

Thus,
2/0 o2 dr = 2 [arctan ] .

Evaluate the bounds:
arctan(2) — arctan(0) = arctan(2).

2
1
/_2 1522 dr =|2arctan(2) |.

Therefore,
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Calculus I Section 5-7: Computing Definite Integrals

Question 7

Evaluate the definite integral

/01(3:c2 + 2)V/z dz.
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Calculus I Section 5-7: Computing Definite Integrals

Question 7 - Solution
Begin by rewriting the integrand using powers of x:
(322 4 2)\/x = 32°/% + 221/2,

Now integrate term by term:

2T7/2 6
520y —g. Y _D.,7/2
/3x r =3 772 79: ,
3/2
/2x1/2dx:2~x/:4m3/2.
3/2 3

Combine the results: 6 A
x° + raAdr = =x + —x°/c.

Evaluate from 0 to 1: )

6)7/2 4 3/2 6 4
{71 +3x . 7+3.
Find a common denominator:
§+ é _ 18+28 476
73 21 21
46
21
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Calculus I Section 5-7: Computing Definite Integrals

Question 8

Evaluate the definite integral

In2
/ e’ (1 + e”c) dx.
0
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Calculus I Section 5-7: Computing Definite Integrals

Question 8 - Solution

Begin by expanding the integrand:
(14 e”) = e” + e°.

1
/e‘r dx = e”, /62”” dx = 56230.

1
/e””(l +e%)dr =¢€" + 56230.

Now integrate term by term:

Thus,

Evaluate from 0 to In 2:

Compute the upper bound:

Compute the lower bound:

0 0 3
e + —e :1—&-7:5.
Subtract:
4_3_5
2 2
5
2
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Calculus I Section 5-7: Computing Definite Integrals

Question 9

Evaluate the definite integral
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Calculus I Section 5-7: Computing Definite Integrals

Question 9 - Solution

Rewrite the integrand using exponents:
2 1
NI

Integrate term by term:

/2x_1/2dx = 2-ﬂ2 =4/
1/2 ’

/xil dr =Inzx.

/(2-3 dr = 47 — Inz.

[4f—lnx]‘1¥.

Thus,

Evaluate from 1 to 4:

Compute the upper bound:
4V4 —In4 =8 —In4.

Compute the lower bound:
4V/1—-1n1=4.

Subtract:
(8—In4) —4=4—1n4.
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Calculus I Section 5-7: Computing Definite Integrals

Question 10

Evaluate the definite integral

1
2
/idl‘.

o 1+a2
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Calculus I Section 5-7: Computing Definite Integrals

Question 10 - Solution

This integral suggests a substitution because the derivative of the denominator appears in the numerator.

Let
u=1+z°.

Then
du = 2x dx.

Change the limits of integration. When x =0, u = 1. When x =1, u = 2.
1 2
2 1
/ %dm :/ — du.
o 1+ 1 U
1
/ —du = Inu.
u

’ 2

Substitute into the integral:

Integrate:

Apply the limits:

Inu| =In2.
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 1

Evaluate the definite integral

Loy
/ g
o V14 a2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 1 - Solution

Use substitution to simplify the integrand.
Let
u=1+z°.

Then )
du=2xdx = xdr= idu.

Change the limits of integration. When x =0, u = 1. When x =1, u = 2.
Substitute into the integral:

1 2
T 1
——dr = - w2 du.
/o V1422 2/1

Integrate:
%./ufl/zdu: % 2ut? = \/u.
Apply the new limits:
\/ﬁ‘j =V2-1.
V2-1
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 2

Evaluate the definite integral

/2
/ sinx v1+ cosx dx.
0

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 2 - Solution

This integral suggests a substitution involving cos x because its derivative appears in the integrand.

Let
u=1+4 cosz.

Then
du = —sinzdr = —du=sinzdx.

Change the limits of integration. When z =0, cos0 =1, so u = 2. When z = 7, COS(%) =0,s0u=

Substitute into the integral:

/2 1 2
/ sina:Vl—&—cosatd:vz—/ \/ﬂdu:/ Vudu.
0 2 1

Integrate:

2
/\/ﬂdu = §u3/2.

Apply the limits:
gqﬁ/?f - ; (23/2 - 1) .

3 1
)

[V )
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 3

Evaluate the definite integral

2
1
/ Hdac.
1 :L.
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 3 - Solution

This integral is well suited for substitution because the derivative of Inx appears in the denominator.

Let
u=Inzx.

Then L
du = —dx.
x

Change the limits of integration. When x =1, u =In1 =0. When z =2, u = In 2.

.2 In2
1
/ Ed:L':/ udu.
1 L 0
2
/udu:u—.
2

2 (In 2)2

0 2

Substitute into the integral:

Integrate:

Apply the limits:
u2

2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 4

Evaluate the definite integral

1 3
X
/ L
o V1+a24
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 4 - Solution

This integral suggests a substitution involving the expression inside the square root.

Let
u=1+z%

Then 1
du=423dx = 23dx= 1 du.
Change the limits of integration. When x =0, u = 1. When x =1, u = 2.

Substitute into the integral:

! a? 1 [? 1/2
——dx = - u~ ' du.
/o V1+ a2t 4 /1

Integrate:
Ll e, 1 g 1
4/u du = 1 2ut/? = 2\/6.
Apply the limits:
1 1
SV =5(v2-1)
2 2
V2-1
2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 5

Evaluate the definite integral

/2
/ cos.x d
o 1l+sinz
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 5 - Solution

This integral is well suited for substitution because the derivative of sinz appears in the numerator.

Let
u=1+4sinz.

Then
du = cosx dx.

Change the limits of integration. When z = 0, sin0 =0, so v = 1. When z = 7, sin(%) =1,s0u=2.

71'/2 2 1
/ ﬂdx:/ — du.
0 1+sinz Ji1ou

1
/fduzlnu.
U

’ 2

Substitute into the integral:

Integrate:

Apply the limits:

Inu| =In2.
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 6

Evaluate the definite integral
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 6 - Solution

The integrand suggests a substitution involving 1 + 22.

Let
u=1+z°.

Then )
du=2xdxr = xdx= §du.

Change the limits of integration. When = = 0, v = 1. When z = /3, v = 4.

Substitute into the integral:

Integrate:

Apply the limits:
1 4

—In u’
1

= 11114 =In2.
2 2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 7

Evaluate the definite integral

€1
/ —V1+Inzxdx.
1 x
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 7 - Solution

The integrand suggests a substitution involving In x.

Let
u=1+Inz.

Then L
du = —dx.
x

Change the limits of integration. When x =1, u = 1. When x = ¢, u = 2.

Substitute into the integral:

61 2
/ f\/l—&-lnxdaz:/ Vudu.
1 T 1

Integrate:
2 .
/\/ﬂdu = §u3/2.
Apply the limits:
2u3/2‘2 _2 (222 -1).
13

3
T
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 8

Evaluate the definite integral

1
2
[
o (1+2?)
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 8 - Solution

The integrand suggests a substitution involving 1 + 22.

Let
u=1+z°.

Then
du = 2x dx.

Change the limits of integration. When x =0, u = 1. When x =1, u = 2.

1 2
2
/%dmz/ w2 du.
o (I+22) 1

/u_2 du = —u""

Substitute into the integral:

Integrate:

Apply the limits:
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 9

Evaluate the definite integral
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 9 - Solution

This integral becomes simpler if we eliminate the square root by substitution.

Let
u=+v1-—zx.

Then

x=1-—1u? dr = —2u du.

Change the limits of integration. When x =0, u = 1. When x =1, u = 0.
Substitute into the integral:

VA 0 U
[ e e UL

0 2 1 2
—2u 2u

du = du.

/1 2wz ™ /0 2wz ™

Simplify:

Rewrite the integrand:

Thus,

1
4
24— | du.
[ (reame) o
/—2du:—2u,

/2:4u2du:2/1(u1/\5)2du.

1
/ =2 da = artanh(a).

Integrate term by term:

Use the standard result

Thus,

1
2/7 du = 2v/2 artanh(

1— (u/v2)? ﬁ) ’

Evaluate from 0 to 1:

U 1
—2u + 2v/2 artanh | — ‘ .
(\/§> 0

Final answer:

1
-2+ 2\/5 artanh()
V2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 10

Evaluate the definite integral

1
/ V1 — 22 arcsinz dz.
0
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 10 - Solution

This integral is interesting because it mixes an inverse trigonometric function with an algebraic expression,
suggesting a trigonometric substitution.

Let

x =siné.

dx = cos6df, V1 — 22 = cosf.

Change the limits of integration. When z =0, 6 =0. When z =1, 6 = 7.

Then

Substitute into the integral:

1 w/2
/ V1 — 22 arcsinz dz = / 6 cos® 0 do.
0 0
Use the identity
1+ cos(26)

2
9 =
COS B

/2 1 /2 1 /2
/ 6 cos? 0df = f/ 0do + f/ 6 cos(26) de.
0 2Jo 2.Jo

1 (™2 1 (n/2)2 «x?
5/0 oo — 5 T =T

For the second integral, use integration by parts. Let

Then

The first integral is

u=20, dv = cos(26) db.
Then 1

du = db, V=g sin(26).
Thus,

1 /2

/W/Qe (20)d0 = * | Losi (29)—3/« (20) do
2 o COS = 2 2 Sin 2 Sin

Since sin(m) = 0 and sin(0) = 0, the boundary term vanishes. Also,

0

/sin(29) do = —% cos(26).

Therefore,
1 [7/? 1 . 1 1
5/0 0 cos(20) df = 3 [cos(29)]0/2 = g(—l -1)= 1
Combine results:
w2 1
16 4
L
1 4
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