Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 1

Let f(z) = vz + 4. Find the slope of the secant line through the points where z = 0 and = 5, and compare
it with the slope of the tangent line at = 2. Then, write the equation of the tangent line at z = 2.

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 1 - Solution

We are given:

flx)=Vz+4

Step 1: Slope of secant line from =z =0 to x = 5.

fO)=vVi=2, f(5)=V9=3

3—2 1
S t slope = —— = —
ecant slope = —— = «
Step 2: Derivative of f(x).
1
!
) —
J@) 2V +4
1
"2) = —= ~0.204
o=
Step 3: Point at x = 2.
f(2) =6
Step 4: Tangent line at x = 2:
1
Vo (po
Y 26"

Comparison: The slope of the tangent line at x = 2 is slightly greater than the secant slope over the
interval, showing that the graph is concave down.

- fl)=vz+4 - - - Secant Line
<<<<<<< Tangent Line at z =2 e Key Points
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 2
The displacement of a car traveling along a straight road is given by
s(t) = 10t — 0.5t

where s is in meters and ¢ is in seconds.
(a) Find the average velocity of the car over the interval [2, 6].
(b) Find the instantaneous velocity at ¢t = 2.
(c) Sketch the displacement function and the secant and tangent lines described above.
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 2 - Solution
We are given:

s(t) = 10t — 0.5¢*
(a) Average velocity on [2,6]:

$(2) =10(2) — 0.5(4) =20 — 2 =18
$(6) = 10(6) — 0.5(36) = 60 — 18 = 42

42—-18 24
Average velocity = =—=6m/s

6—2 4

(b) Instantaneous velocity at t = 2:

st)y=10-t = §(2)=10—-2=8m/s

(c) Interpretation: The average velocity between ¢t = 2 and ¢t = 6 is 6 m/s. At ¢t = 2, the car is moving

faster than average at 8 m/s. We now sketch the curve with the secant line between ¢t = 2 and ¢t = 6, and
the tangent line at ¢t = 2.

60 %
s(t)
(6,4
40 4 -
20 + (2,18) ==~
1 1 1 1 1 1 1 t |
1 2 3 4 5 6 7 8

s(t) =10t — 0.5t> e Pointsatt=2andt=6
--- Secant Line -+

Tangent Line at ¢t = 2
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 3
A population of bacteria in a lab experiment is modeled by the function
P(t) = 200e°3,

where t is the time in hours since the start of the experiment and P(t) is the number of bacteria.
(a) Estimate the average rate of growth of the population from ¢ = 2 to ¢ = 5.
(b) Find the instantaneous rate of growth at ¢t = 2.
(c) Sketch the population function along with the secant and tangent lines.
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 3 - Solution

We are given:
P(t) = 200e"-3

(a) Average rate of change on [2,5]:
P(2) = 200e"5 ~ 200(1.8221) = 364.42

P(5) = 200e'® ~ 200(4.4817) = 896.34

896.34 — 364.42 _ 531.92
5—2 D!

Average rate = ~ 177.31 bacteria/hr

(b) Instantaneous rate at ¢ = 2:
P'(t) = 200 - 0.3¢%3" = 60e%-3¢

P'(2) = 60e%5 ~ 60(1.8221) = 109.33 bacteria/hr

(c) Interpretation: The population grows faster over the longer interval than it does exactly at t = 2,
illustrating exponential acceleration.

1,000 %

P(t) ,896.34)

800 +

600 +

(2,364.42)

400 T

—— P(t) = 200¢°%" e Pointsatt=2andt=>5
--- Secant Line - Tangent Line at ¢t = 2
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 4

A ball is thrown vertically upward from the ground with an initial velocity of vg = 20 m/s. Its height at
time ¢ seconds is modeled by the function

h(t) = 20t — 4.9¢°.
(a) Compute the average velocity over the interval [1, 2].

(b) Find the instantaneous velocity at ¢ = 1.
(c) Sketch the height function and both the secant and tangent lines involved.
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 4 - Solution

Given:
h(t) = 20t — 4.9¢*

(a) Average velocity on [1,2]:
h(1) =20(1) — 4.9(1)* =20 — 4.9 = 15.1
h(2) = 20(2) — 4.9(4) = 40 — 19.6 = 20.4

204 —-15.1

51 =5.3m/s

Average velocity =
(b) Instantaneous velocity at t = 1:
R(t)=20-98 = h'(1)=20-98=10.2m/s
(c) Interpretation: The ball’s velocity at exactly ¢ = 1 is greater than the average velocity over the

interval, indicating it is still on the way up. Below is the sketch of the graph.

. (2,20.4)
20 + —

10 +

——h(t) =20t —4.9t> e Pointsatt=1andt=2
--- Secant Line - Tangent Line at t = 1
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 5
The position of a particle moving along a straight path is given by the function
s(t) = t3 — 61> + 9t,

where s(t) is in meters and ¢ is in seconds.
(a) Compute the average velocity of the particle on the interval [1, 3].
(b) Find the instantaneous velocity at ¢ = 1.

(c) Sketch the position function and include both the secant line over [1,3] and the tangent line at ¢ = 1.
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 5 - Solution

Given:
s(t) = t* — 6% 4+ 9t

(a) Average velocity on [1,3]:
s(1)=13—-6(1)*+9(1)=1-6+9=4
s5(3) =27-544+27=0
-4 -4
A locity = —— = — = -2 m/s
verage velocity 3.1 ) m/s
(b) Instantaneous velocity at t = 1:

s'(t) =3t* =12t +9

sS'(1)=3(1)? -12(1) +9=3-12+9=0m/s

(c) Interpretation: The particle is momentarily at rest at ¢ = 1 (instantaneous velocity is 0), even
though its average velocity between t = 1 and ¢ = 3 is negative, indicating motion reversal.

10 %

s(t)=t>—6t>4+9t o Pointsatt=1andt=3
--- Secant Line - Tangent Line at t =1

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 6
The height h (in meters) of a rocket launched vertically is given by the function
h(t) = 100 + 40t — 52,

where ¢ is time in seconds after launch.
(a) Compute the average velocity of the rocket over the time interval [2,4].
(b) Find the instantaneous velocity at ¢ = 2.

(c) Sketch the height function, the secant line over [2,4], and the tangent line at ¢t = 2.
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 6 - Solution

Given:
h(t) = 100 + 40t — 5t

(a) Average velocity on [2,4]:
h(2) = 100 + 80 — 20 = 160

h(4) = 100 + 160 — 80 = 180
180 — 160 20

_—:1 S
yp 5 0 m/s

Average velocity =
(b) Instantaneous velocity at t = 2:

B(t) =40 — 10t = h'(2) =40 —20 = 20 m/s

(c) Interpretation: At ¢t = 2, the rocket is climbing at a rate of 20 m/s, which is faster than its average
velocity between ¢t = 2 and t = 4.

200 %

150 +

——h(t) = 100 4+ 40t — 5t> e Points at t =2 and ¢ =4
--- Secant Line - Tangent Line at ¢t = 2
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 7
The temperature T' (in degrees Celsius) of a cooling object is modeled by
T(t) = 25 + 60e 04,

where ¢ is time in minutes.
(a) Compute the average rate of change of the temperature over the interval [1,4].
(b) Find the instantaneous rate of change of the temperature at ¢t = 1.

(c) Sketch the temperature function, the secant line over [1,4], and the tangent line at t = 1.
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 7 - Solution

Given:
T(t) = 254 60e "4

(a) Average rate of change on [1,4]:
T(1) = 25 + 60e™* ~ 25 + 60(0.6703) ~ 65.22

T(4) = 25 + 60e™ % ~ 25 + 60(0.2019) ~ 37.11
37.11-65.22  —28.11
4—-1 7 3

(b) Instantaneous rate of change at t = 1:

Average rate = ~ —9.37 °C/min
T'(t) = 60(—0.4)e 04 = —24¢ 04

T'(1) = —24e %% ~ —24(0.6703) ~ —16.09 °C/min

(c) Interpretation: At ¢ = 1, the object is cooling at a faster rate than the average cooling over the
interval [1,4], consistent with exponential decay.

—T(t) =25+ 60e™°* e Pointsatt=1andt=4
--- Secant Line - Tangent Line at ¢t =1
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 8

The population P (in thousands) of a bacteria culture after ¢ hours is modeled by

100t
P(t) = ————.
(*) 1+ 0.5t
(a) Compute the average rate of change of the population on the interval [1, 3].
(b) Find the instantaneous rate of change at ¢t = 1.

(c) Sketch the population function, the secant line over [1, 3], and the tangent line at ¢ = 1.

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 8 - Solution

Given: L0t
Pt)=——
®) 1+40.5¢
(a) Average rate of change on [1,3]:
100(1) 100
P(l) = ————— = — ~ 66.67
W =1050 = 15
100(3) 300
PQ3)=—F5=—=120
®) =053 ~ 25
120 — 66.67  53.33
Average rate = - =—5 = 26.67 thousand/hour
(b) Instantaneous rate of change at t = 1:
Use the quotient rule:
Py = (L+050(100) — 10010.5) _ 1004500500 _ 100
N (14 0.5t)2 (140582 (1+0.5)2
100 100
P'(1)= ~ 44.44 thousand/hour

(1+05)2 225

(c) Interpretation: The population is increasing more rapidly at ¢ = 1 than the average over the
interval. The tangent line shows the instantaneous trend, and the secant line reflects the average change.

100 +

50 T

4 4 4 4 4
t t t t t

0.5 1 1.5 2 2.5 3 3.5 4

— P(t) = 3%%  Pointsatt=1andt=3

--- Secant Line - Tangent Line at ¢t =1
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 9
The revenue R (in dollars) generated by selling ¢ hundred items is given by the function
R(t) = 200t — 3t%.

(a) Compute the average rate of change of revenue on the interval [2, 6].
(b) Find the instantaneous rate of change at t = 2.

(c) Sketch the revenue function, the secant line over [2, 6], and the tangent line at ¢ = 2.
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 9 - Solution

Given:
R(t) = 200t — 3t*

(a) Average rate of change on [2,6]:
R(2) = 200(2) — 3(2)% = 400 — 12 = 388

R(6) = 200(6) — 3(6)% = 1200 — 108 = 1092
1092 — 388 704
6—2 4

(b) Instantaneous rate of change at t = 2:

Average rate = = 176 dollars per hundred items

R'(t)=200—6t = R'(2)=200—12=188

(c) Interpretation: At ¢t = 2, revenue is increasing faster than the average over the interval [2,6]. The
tangent line shows this steeper slope.

R(t) 5

1,000 +

500 +

(2, 388)

Y

—— R(t) =200t — 3t> e Pointsatt=2and t=6
---  Secant Line - Tangent Line at ¢t = 2
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 10

The displacement s(t) (in meters) of a particle moving along a straight line is given by
s(t) = t3 — 61> + 9t,

where ¢ is time in seconds.
(a) Find the average velocity of the particle over the interval [1, 4].
(b) Find the instantaneous velocity of the particle at ¢ = 1.

(c) Sketch the displacement function, the secant line over [1,4], and the tangent line at ¢ = 1.
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Calculus I Section 2-1: Tangent Lines and Rates of Change

Question 10 - Solution

Given:
s(t) = t* — 6% 4+ 9t

(a) Average velocity on [1,4]:
s(1)=13—-6(1)*+9(1)=1-6+9=4
s(4) =64 — 96+ 36 = 4
. 4—-4
Average velocity = i1 0 m/s
(b) Instantaneous velocity at t = 1:

S(t)=3t2—-12t+9 = (1) =31)2-121)+9=3-124+9=0m/s

(c) Interpretation: The average and instantaneous velocities are both zero, indicating the particle
returns to its starting displacement at t = 4, and is momentarily at rest at t = 1.

10 %
s(t)
5 (174)*
il il t\l
0.5 1 5
_5
—10 L

—s(t)=t>—6t24+9t e Pointsatt=1andt=4
--- Secant Line — ------- Tangent Line at ¢t =1
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Calculus 1 Section 2-2: The Limit

Question 1
Evaluate the following limit, and explain your reasoning clearly:

2 —1

N

lim
rz—1
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Calculus 1 Section 2-2: The Limit

Question 1 - Solution
We are asked to evaluate:
x? -1

N

This limit gives an indeterminate form %, so we must simplify.
Start by factoring the numerator:

lim
r—1

2 —1=(z—-1)(z+1)

Now rewrite the expression:
(x—1)(z+1)
Vo —1

To simplify, multiply numerator and denominator by the **conjugate** of the denominator:

(z-1D(@+1) o+l
V-1 Ve +1

This gives:

(z-D(@+1)(Vz+1)
z—1

Now cancel 2z — 1 (which is nonzero near z = 1):

(r+ )T +1)

Now substitute x = 1:

1+1)(VI+1)=2-2=[4]
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Calculus 1 Section 2-2: The Limit

Question 2

Let the function be defined as:

i <2
f@)={z-2" "
3x—2, z2>2

Determine whether lim2 f(z) exists. If it does, find its value. Justify your answer.
xr—r
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Calculus 1 Section 2-2: The Limit

Question 2 - Solution

We are asked to evaluate:

lim f(x)

r—2

where
x?—4

fl@)=4q z—2"
3r—2, x>2

T <2

Step 1: Evaluate the Left-Hand Limit

For x < 2,
2> -4 (z-2)(x+2)
f) = r—2 T —2
As long as x # 2, we can cancel z — 2:
fl@) =2 +2

So:
lim f(z)= lim (x+2)=4

T2~ T2~
Step 2: Evaluate the Right-Hand Limit
For z > 2, f(x) = 3z — 2, so:

lim f(zr)= lim Bz —2)=3(2)—2=6—-2=4

z—21 z—21

Step 3: Compare One-Sided Limits

lim f(z) = lim f(z)=4= lim f(z) =[4]

r—2~ r—21

Conclusion: The limit exists and is equal to .
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Calculus 1 Section 2-2: The Limit

Question 3

Evaluate the limit, if it exists:
V1i+3z—-+1—2x
m

x—0 xX

Explain your reasoning clearly.
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Calculus 1 Section 2-2: The Limit

Question 3 - Solution

We are asked to evaluate:
im V1i4+3z—+v1—=x

x—0 €T

Direct substitution gives an indeterminate form %7 so we simplify.

Multiply the numerator and denominator by the conjugate of the numerator:

Vi+3z—vV1i—-2 Vi+3z++vV1—=x

T Vi+3z+v1l—=x
This yields:
(143z)—(1—-2z) 4z
:17(\/1+3x+\/17x) N x(\/1+3x+\/17x)
Cancel x:
4
V1i4+3z++/1—x

Now take the limit as z — 0:

4 4
a2
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Calculus 1 Section 2-2: The Limit

Question 4

Evaluate the following limit:
2 —25

lim ——
=5 \/x + _\/6

Provide a clear justification for each step.
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Calculus 1 Section 2-2: The Limit

Question 4 - Solution

We want to evaluate:
. 2 —25
lim ——
=5 /o +1— \/6
First, try direct substitution:
52 — 25 25 — 25 0

VE+1—-v6  V6—V6 0
This is an indeterminate form, so we need to simplify the expression before evaluating the limit.
Factor the numerator:

x? —25 = (x —5)(z +5)

So the limit becomes:
lim (x —5)(z+5)
T—=5 /1 +1-— \/6

The denominator contains square roots, so we multiply by the conjugate:

(x=5)(z+5) Vz+1+6
V+1-v6 Va+1++6

This does not change the value of the expression because we are multiplying by 1.
Now simplify the denominator using the difference of squares formula:

(a —b)(a+b) =a® —b?
Here,
a=vzr+1 and b=6

Therefore,

(Ve +1-V6)(Vz +1+V6) = (Vz +1)% - (V6)?
=x+1-6

=x—-5

So the expression becomes:
i @@ +5) (Ve T4 V6)

r—5 r—95

Since we are evaluating the limit as x approaches 5, we may cancel the common factor x — 5 for = # 5:
113;(17 +5)(Vx + 1+ V6)
x

Now substitute x = 5:

(5+5)(v5 + 1 +6)
=10(v6 + V6)
= 10(2V6)
=20V6

Therefore,

20v/6
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Calculus 1 Section 2-2: The Limit

Question 5

Evaluate the following limit:
sin(3x)
im
=0 tan(5z)

Give a full explanation of your steps and reasoning.
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Calculus 1 Section 2-2: The Limit

Question 5 - Solution

We want to evaluate:
sin(3x)

50 tan(5z)

First, try direct substitution:
sin(3-0)  sin(0) 0

tan(5-0) tan(0) O

This is an indeterminate form, so we need to rewrite the expression before evaluating the limit.
We will use the standard trigonometric limits:

sinu

lim =1
u—0 U
and .
anu
lim =1
u—0 u

Since 3z — 0 and 5z — 0 as x — 0, we can apply these limits to sin(3z) and tan(5x).
Start with the original expression:

sin(3x)
tan(bx)
We want to create the forms
sin(3z) tan(bx)
and
3x 5x

To do this, multiply and divide by the needed factors:

sin(3z)  sin(3z) 5x 3x

tan(5z) 3z  tan(5z) bz

This rewriting is valid because the factors we introduced balance each other out.
Now take the limit of each factor:

lim sin(3x) _1
z—0 3x
Also,
5x

250 tan(5x)

This is because

t -
lim 200) _
x—0 Sx
so its reciprocal also approaches 1.
Finally,
sr_3
5z 5
for  # 0. Since limits only depend on values near 0, not necessarily at 0, this cancellation is allowed.
Therefore,
sin(3x) _ 1.1.§
x—0 tan(5z) 5
_3
15
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Calculus 1 Section 2-2: The Limit

Question 6

Evaluate the limit:
ox2—4
lim
r—2 3’;3 —8

Provide detailed steps and justification for each transformation you make.
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Calculus 1 Section 2-2: The Limit

Question 6 - Solution

We want to evaluate:
I x2—4
T1—>H12 1‘3 — 8

First, try direct substitution:
22 4 ~4-4 0

-8 8-8 0
This is an indeterminate form, so we need to simplify the expression before evaluating the limit.

Now factor the numerator:
2?2 —4=(z—-2)(x+2)

This is a difference of squares because:

22— 4 =22 22

Next, factor the denominator:
22 —8=2a%-2°

This is a difference of cubes. Recall the formula:

a® — b = (a—b)(a® + ab + b?)

Here,
a=x and b=2

So:
23— 8= (x—2)(2* +22+4)

Now rewrite the original limit using these factorizations:

lim (x —2)(z+2)
=2 (z — 2)(2? + 22+ 4)

Both the numerator and denominator contain the factor z — 2. Since we are finding the limit as x
approaches 2, we only need to consider values of x near 2, but not equal to 2. Therefore, for x # 2, we may

cancel the common factor x — 2:
. T+ 2
lim ——
T—2 LL’Q + 2x + 4
Now the expression is no longer indeterminate, so we can substitute x = 2:

242
22 42(2)+4

Therefore,
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Calculus 1 Section 2-2: The Limit

Question 7

Let
fay=4 "2 "7
k, =0

Determine the value of k that makes f(x) continuous at z = 0.
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Calculus 1 Section 2-2: The Limit

Question 7 - Solution

We are given a piecewise function:

To make f(z) continuous at = 0, we must have:

lim f(a) = £(0) = k

z—0
We now compute:
sin(dx
lim (52)
x—0 xX
We use the identity:
sin(ax)
m =
x—0 €T
So: s
lim $262) _ 5
z—0 x

Thus, for continuity at = 0, we must have:

k=[5]

Conclusion: The function is continuous at z = 0 if .
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Calculus 1 Section 2-2: The Limit

Question 8

Evaluate the following limit:

e —1

250 sin(3x)
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Calculus 1 Section 2-2: The Limit

Question 8 - Solution
We are asked to compute:
2z _ 1
e
im ———
z—0 sin(3x)
First, substitute £ = 0 into the numerator:
A0 _1=-1=1-1=0.
Now substitute z = 0 into the denominator:
sin(3 - 0) = sin(0) = 0.
So the expression has the indeterminate form

0
0
Since both the numerator and denominator approach 0, we can use L’Hopital’s Rule.
Differentiate the numerator: J
2z 2z
. (6 — 1) = 2e*”.
Differentiate the denominator: p
— (sin(3z)) =3 3z).
T (sin(3x)) cos(3z)

Therefore,
621‘ -1 ) 2621
m -—=1llm ——.
=0 sin(3z)  =—0 3 cos(3z)
Now substitute x = 0:
2¢2(0) 2¢Y
3cos(3-0)  3cos(0)

Since
=1
and
cos(0) =1,
we get
20 _20) 2
3cos(0)  3(1) 3’
Thus

)

im ———— = -
z—0sin(3z) 3
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Calculus 1 Section 2-2: The Limit

Question 9

Evaluate the limit:

r—4
\F_

lim
r—4
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Calculus 1 Section 2-2: The Limit

Question 9 - Solution

We are given:
. r—4
lim ———
z—4

-2

First, observe that:

z — 4 = numerator  —4 — 0, denominator v/z —2 — 0

So, this is an indeterminate form %. We rationalize the denominator to resolve it.

Multiply numerator and denominator by the conjugate of the denominator:

r—4 Vr+2 (z-4)(Vx+2)  (z-4)(Vz+2)

Vi—-2 Vz+2 (z-2)(Vz+2) z—4
Now cancel the common factor x — 4, assuming x # 4:
=z +2

Now take the limit:

lim Vo +2=vVi+2=2+2=[4]
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Calculus 1 Section 2-2: The Limit

Question 10

Evaluate the limit:
- sin(3x)

z—0 xT
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Calculus 1 Section 2-2: The Limit

Question 10 - Solution

We are given:
. sin(3x
lim (32)
x—0 X

We want to simplify the expression to match a known limit. Recall the standard limit:

o sin(u) _1
u—0 u

Let u = 3z. As z — 0, we also have u — 0.

So:
sin(3z)  sin(3z)

Now apply the limit:

. sin(3z) ) sin(3x) . sin(u)
lim —iﬂ%( e 3) = (lm =) -3=1-3=[3]

x—0 x€X
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Calculus 1 Section 2-3: One-Sided Limits

Question 1
Let the function f be defined as:
x* —4

fl@)=4q z-2"
r+2, ifz>2

ifz <2

Evaluate:
lim f(z) and lim f(z)

T2~ r—21

State whether lim, o f(z) exists.
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Calculus 1 Section 2-3: One-Sided Limits

Question 1 - Solution

We analyze the left-hand and right-hand limits separately.
Left-hand limit:

For x < 2,
2> -4 (z-2)(x+2)
f@) = r—2 z—2
For x # 2, the x — 2 cancels:
f@)=a+2

So:
lim f(z)= lim (z+2)=4

r—2~ r—2~

Right-hand limit:
For x > 2, we use the second piece:

flz)=z+2= lirgf(x) =4

Conclusion:
Since both one-sided limits exist and are equal:

lim f(x) =

r—2
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Calculus 1 Section 2-3: One-Sided Limits

Question 2

Let the function f be defined as follows:

r+1, z<1
f(.I) - {.%‘2, T Z 1
(a) Compute lim,_,,- f(z)
(b) Compute lim,_,;+ f(z)
(c) Does lim,_,1 f(x) exist? Justify your answer.
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Calculus 1 Section 2-3: One-Sided Limits

Question 2 - Solution

We are given:

f(x){Sx—i—l, z <1

z2, z>1
(a) Left-hand limit: For z < 1, use f(z) = 3z + 1:

lim f(z)= lim 3z +1)=3(1)+1=4

r—1- rz—1
(b) Right-hand limit: For x > 1, use f(x) = 2%

li = lim 2 =1 =1
A )= e

(c) Two-sided limit: Since the left and right limits are not equal:

lim f(z)=4 and lim f(z) =1= lim f(z) does not exist
z—1— r—1+ r—1

Final Answer:

lim f(z)=4, lim f(z)=1, lim1 f(z) does not exist
z—

T—1- rz—1t
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Calculus 1

Section 2-3:

One-Sided Limits

Question 3

Let the function f(z) be defined as:

(a) Compute lim,_,o— f(z)
(b) Compute lim,_,o+ f(x)
(c) Is f(x) continuous at x = 2? Explain.
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Calculus 1 Section 2-3: One-Sided Limits

Question 3 - Solution

We are given:
z2—4
fl@)=4q -2’
z+1, x>2

T <2

(a) Left-hand limit: First, simplify the expression for z < 2:

f(x):f:;: (mf;)_(a;JrQ) =x+2 foraz#2

So,
lim f(z)= lim (z+2)=2+2=4

r—2~ r—2~
(b) Right-hand limit:
flx)=2+1 forz>2

1m (I) 1m (I ) + ].
(C) COIltlllulty at xr = 2- SlIlCe

wlirgli f(z) =4, Igrél+ flz)=3= il—% f(z) does not exist

And because the limit does not exist, the function is not continuous at z = 2.
Final Answer:

lim f(z)=4, lim f(z)=3, Not continuous at z =2

T2~ z—2+1
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Calculus 1 Section 2-3:

One-Sided Limits

Question 4

Let the function f(z) be defined as:

f(x)—{x2_4’ <1

20 4+1, z2>1

(a) Find lim,_,,- f(z)
(b) Find lim, ,;+ f(x)
(c) Does lim,_,; f(z) exist? Explain.
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Calculus 1 Section 2-3: One-Sided Limits

Question 4 - Solution

We are given:

2 _
f(x){x 4, <1

20 +1, z2>1

(a) Left-hand limit:
For z < 1, we use f(z) = 2% — 4:

(b) Right-hand limit:
For x > 1, we use f(z) =2z + 1

(c) Two-sided limit:

lim f(z)=-3 and lim f(z)=3

r—1— Tz—1+

Since the one-sided limits are not equal, the overall limit does not exist:

lim f(x) does not exist
z—1
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Calculus 1

Section 2-3:

One-Sided Limits

Question 5

Consider the function:

(a) Find lim,_,3- f(x)
(b) Find lim,_,3+ f(z)

(c) Does lim,_,3 f(x) exist? Justify your answer.
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Calculus 1 Section 2-3: One-Sided Limits

Question 5 - Solution

We are given:

I%, T <3
fle) = {\/acg— 3, >3

(a) Left-hand limit:
As x — 37, we are approaching 3 from values less than 3. The expression is:

1
)= 1
Asx—>3_,x—3—>0_:>ﬁ—>—oo
lim f(x) =—o00
r—3~
(b) Right-hand limit:
As x — 37T, the function becomes:
flz) =+vz -3
Asz—3T,2-3—=0"=V/2-3—=0
li =0
S 1)

(c) Does the limit exist?
Since

lim f(z) =—-0c0 and lim f(z)=0
z—3~ z—31

the two one-sided limits are not equal (and one diverges), so the limit lim,_,3 f(x) does not exist.

’ Limit does not exist at x = 3 ‘
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Calculus 1 Section 2-3: One-Sided Limits

Question 6

Let the function f(z) be defined as:
sin(zﬂ'ar:)’ z <0
_1 x>0
(a) Compute lim,_,o- f(z)

(b) Compute lim,_,q+ f(x)
(c) Does lim,_,¢ f(z) exist? Explain.
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Calculus 1

Section 2-3: One-Sided Limits

Question 6 - Solution

We are given:

sin(wx) 2 <0
{22

1
= 220

(a) Left-hand limit:
For z < 0, use:
sin(mx)

lim
x—0— x

M = 7 (from standard limit lim, w =1)

Using the identity lim,_q

lim sin(mx) .

x—0~ x

lim f(z)=mn

r—0—

(b) Right-hand limit:

For z > 0, use:
1 1
lim =-=1
z—0+ T+ 1 1

li =1
Jm, (@)

(c) Two-sided limit:
Since:

lim f(z)=n and lim f(z)=1

z—0~ z—0t

These are not equal, so the limit does not exist:

lim f(x) does not exist
z—0
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Calculus 1 Section 2-3: One-Sided Limits

Question 7

Consider the piecewise-defined function:

f(x){?)x—f—l, if v <2

22 —4, ifzx>2

(a) Compute lim,_,o- f(x).

(b) Compute lim,_,o+ f(x).

(c) Is limg 2 f(z) defined? Explain.
(d) What is the value of f(2)?

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 2-3: One-Sided Limits

Question 7 - Solution

We are given:

3r+1, ifx<?2
f(x){x2—4, ifz>2

(a) Left-hand limit as @ — 27:
Use the definition for x < 2:

lim f(z)= lim 3z+1)=3(2)+1=7

r—2~ r—2~

lim f(z)=7

r—2~

(b) Right-hand limit as z — 27
Use the definition for z > 2:

lim f(z) = lim (2> —4)=2>-4=0

r—21 z—21

lim f(z) =0

z—2t

(c) Two-sided limit:

lim f(z)=7, lim f(z)=0

T2~ z—21

Since the one-sided limits are not equal:

lim f(z) does not exist
T2

(d) Value of the function at 2:
Since x = 2 > 2, use the second case:
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Calculus 1 Section 2-3: One-Sided Limits

Question 8

Let the function f(z) be defined as:

2_y .
z fr<2
— r—2" 1
/(@) {3:1:4, if 2> 2
(a) Find lim f(x).
r—2~
(b) Find lim f(x).
z—2F
(c) Determine whether lim2 f(z) exists.
z—

(d) Is f continuous at & = 2? Justify your answer.
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Calculus 1 Section 2-3: One-Sided Limits

Question 8 - Solution

We are given:

z2—4 :
_ ) = ifx <2
/(@) {3x—4, if 2 >2

(a) Left-hand limit:
Note: 22 — 4 = (z — 2)(x + 2), so for x # 2,

x?—4
= 2
xr — 2 T
lim f(z)= lim (x4+2)=4
r—2~ rx—2~
lim f(z) =4
r—2~

(b) Right-hand limit:
lim f(z)= lim 3z —4)=6—-4=2

r—2+1 r—2+1

(c) Two-sided limit:
The left-hand and right-hand limits are not equal:

lim f(r) =4#2= lim f(z)

T—27

lim f(z) does not exist
T2

(d) Continuity at x = 2:
lim,_,5 f(x) does not exist , f(2) =3(2) —4 =6 — 4 = 2 (defined)
But since the limit does not exist, f is not continuous at = = 2.

‘ f is not continuous at x = 2 ‘
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Calculus 1 Section 2-3: One-Sided Limits

Question 9

Consider the piecewise-defined function:

sin(w) if 2 <0

2c+1, ifz>0

(a) Evaluate lir(r)l fx).
r—0U0—
(b) Evaluate lim f(z).
z—0+
(c) Does limO f(x) exist? Explain.
z—
(d) Find f(0), if it exists.

© 2026 Stem-Master.com, All rights reserved.



Calculus 1

Section 2-3: One-Sided Limits

Question 9 - Solution

We are given:

f(x)

(a) Left-hand limit as 2 — 07

sin(x)
T )

2x+ 1,

ifz <0
ifxz>0

{

Since lim, ¢ w =1, and this applies as  — 0~ as well:
lim f(z)=1
rz—0~
(b) Right-hand limit as  — 0*:
li = 1l 2 1)=1
A ) = g et )
li ‘() =1
lim f(2)
(c) Two-sided limit:
Since both one-sided limits are equal:
lim f(z) =1
z—0
(d) Value at the point:
Use the definition for z > 0:
f(O)=20)+1=1
f(0)=1
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Calculus 1 Section 2-3: One-Sided Limits

Question 10

Consider the piecewise-defined function:

22 —-3zx+2, fz<l
VZr3-2, ifz>1

(a) Find lim f(x).
rz—1—
(b) Find lim f(x).
z—1t
(c) Determine whether lim1 f(z) exists.
T—

(d) Is f continuous at = 17 Justify your answer.
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Calculus 1

Section 2-3: One-Sided Limits

Question 10 - Solution

We are given:

(a) Left-hand limit:

lim
r—1—

(b) Right-hand limit:

22 —-3zx+2, fz<l
flx) = .
ve+3—2, ifxz>1

f(x)= lim (2 =32 +2)=12-3(1)+2=0

z—1—

lim f(z) =0

r—1—

lim f(z)= lim (Vz+3-2)=V4-2=2-2=0

rz—1t

(c) Two-sided limit:

rz—1t

lim f(z)=0

z—1t

Since both one-sided limits exist and are equal:

(d) Continuity at = = 1:
We already have:

Now evaluate the function at

lim f(x) =0
lim f(x) =0

x=1:

f)=vV1I+3-2=V4-2=2-2=0

Since: f(1) is defined , lim, 1 f(z) = f(1)

We conclude:

‘ f is continuous at z =1 ‘
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Calculus 1 Section 2-4: Limit Properties

Question 1
Let the functions f(z), g(x), and h(z) be defined by the following limits:

lim f(z) =4, limg(x)=-3, limh(z)=0

r—2 r—2 r—2

Evaluate the following limit expressions using limit laws and properties:
(a) lim [2f(z) + 5g(x)]
r—2

342

(c) Explain whether the given information determines a signed infinite limit in part (b).

(b) lim

r—2

Assume the quotient denominator is nonzero in some deleted neighborhood of the approach point. Dis-

tinguish finite limits from signed infinite limits.
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Calculus 1 Section 2-4: Limit Properties

Question 1 - Solution

(a) Sum and constant-multiple laws

Using the given limits,
lim [2f(2) + 5g()] = 2 lim f(z) + 5 lim g(x)

=2(4) +5(-3) =|-7]

(b) Quotient with a zero denominator limit

The product law gives
lirr12 f(z)g(x) =4(-3) = —12, lim h(z) = 0.
r—r

r—2

The quotient law does not apply because the denominator tends to zero. Since the numerator tends to
a nonzero value, its magnitude stays bounded away from zero near x = 2. Therefore,
f@e@)|
h(z)

’ The quotient has no finite limit.

(c) Is the sign of an infinite limit determined?

No. Take f(z) = 4 and g(z) = —3. Each denominator below satisfies the given limit and is nonzero for
T # 2
Denominator h(z) ‘ Behavior of —12/h(x)
(z —2)? — —00
—(z —2)? — +00
x—2 opposite one-sided infinities

Thus more information about the sign of h(x) is needed.

‘A signed infinite limit is not determined.
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Calculus 1 Section 2-4: Limit Properties

Question 2

Suppose that
lim f(z) =5 and lirrgg(x) = 0.
z—

r—3

Define

h(z) = W.

(a) Explain why direct substitution does not determine lirrg h(z).
z—

(b) Use algebraic manipulation to rewrite h(x).

c) State precisely what additional information would be required to evaluate lim h(x).
3
r—r
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Calculus 1 Section 2-4: Limit Properties

Question 2 - Solution

We are given:
lim f(z) =5, limg(z) =0, h(z)= e

(a) Indeterminate form

Substituting the known limits gives:
52-25 0

Jim h(w) = —5 0’

which is an indeterminate form. Therefore, the limit cannot be evaluated by direct substitution.

(b) Algebraic simplification
Factor the numerator:
f(a)? =25 = (f(z) - 5)(f(z) +5).
Then,
h(z) =

(f(z) = 5)(f(x) +5) (f(x) —5
g

(@) =\ ) (Fe) +5)

Taking limits where possible,
lim (f(x) + 5) = 10.

z—3

(c) Required additional information

The limit
lim h(x)
r—3
exists if and only if the limit
i £&) =5
r—3 g(aj)
exists.
If we let
L= tim L&) =5
r—3 g(l‘
then

lim h(z) = 10L.
r—3

Without information about how fast f(x) — 5 relative to g(x) — 0, the value of the limit cannot be
determined.

The limit cannot be evaluated without additional information.
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Calculus 1 Section 2-4: Limit Properties

Question 3

Given the following limits:

Define:

Evaluate lim1 k(z), or explain why it does not exist.
r—

Assume the quotient denominator is nonzero in some deleted neighborhood of the approach point. Dis-
tinguish finite limits from signed infinite limits.
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Calculus 1 Section 2-4: Limit Properties

Question 3 - Solution

Step 1: Apply the product and sum laws

For the numerator,
lim (f(z)h(z) + g(x)) = 4(0) + (-2) = —2.

rx—1

The denominator satisfies lim,_,1 h(z) = 0.

Step 2: Determine whether a finite limit exists

The numerator tends to a nonzero number, so its magnitude stays bounded away from zero near x = 1.
Since h(z) is nonzero in a deleted neighborhood,
(z)h(z) + g(z)

|k(z)] = fh(x) — 0.

‘There is no finite limit. ‘

Step 3: Examine the sign

The sign depends on the denominator. For example, choose f(x) = 4 and g(x) = —2, so that k(z) =
4 —2/h(x).
Denominator h(z) ‘ Behavior of k(x)
(r —1)2 — —00
—(z —1)? — 400
r—1 opposite one-sided infinities

All three choices satisfy the given limits. Therefore,

‘A signed infinite limit is not determined.

Division by a zero limiting value is not a valid use of the quotient law.
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Calculus 1 Section 2-4: Limit Properties

Question 4

Let

x#£3
k, x=3

(a) Find lin})} f(x) using limit properties.
r—

(b) Determine the value of k such that f(z) is continuous at x = 3.
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Calculus 1 Section 2-4: Limit Properties

Question 4 - Solution

We are given:

2 -9
3
fe) = z—3" "7
k, x=3

(a) Find the limit:
First, factor the numerator:
22 —9=(x—-3)(z+3)

So for x # 3, we can simplify:

fla) = @@ HI) _j)_(?r ) ps
Thus,
lim f(z) = lim (z +3) = 6

Answer: }1_% f(z)=6

(b) Value of k for Continuity:
For f(x) to be continuous at x = 3, we must have:

lim f(z) = f(3)

r—3

From (a), the limit is 6. Therefore, set f(3) =k =6

Answer:
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Calculus 1 Section 2-4: Limit Properties

Question 5

22 +2x—3

Let f(z) = 4z +5 and g(z) = "

(a) Find lim g(z).
rz—1

, and assume lim,_,; f(z) = 3.

(b) Use the limit properties to find hml[f(:r) -g(2)].
z—
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Calculus 1 Section 2-4: Limit Properties

Question 5 - Solution

We are given:

@)= VAT T5, gl)= S8 i ) =3

x—1 z—1

(a) Find lim,_,; g(z):
First, factor the numerator of g(z):

2 + 20 -3 =(x+3)(z—1)

@31
9(x) = ——
For x # 1, cancel common factors:
g(x) =z +3
So,
lim g(z) = lim(x +3) =4
r—1 r—1
Answer:

(b) Find lim,_1[f(z) - g(z)]:
Use the limit product law:

lim[f(z) - g(z)] = lim f(x) - lim g(z) =3-4 =12

z—1 z—1 z—1

Answer:
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Calculus 1 Section 2-4: Limit Properties

Question 6
Let f(z) and g(z) be functions such that:

lim f(z) =5, limg(z)= -3

z—2 z—2

Use limit laws to compute the following:
(a) Im[3(x) — 2g(x)

) 1, |72

a=2 | g(x)

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 2-4: Limit Properties

Question 6 - Solution

We are given:

lim f(z) =5, limg(x)= -3
T—2

r—2

(a) Use limit laws for scalar multiplication and addition/subtraction:

lim 3 (x) — 2g(x)] = 3 lim /() 2 lim g(x)

r—2 rx—2
=3(5) —2(-3) =15+ 6 = 21]
(b) Use the quotient limit law:

. flx)]  limg o f(z) 5
i L(z)] limag(x) 3

r—2

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 2-4: Limit Properties

Question 7

Given that
lim f(z) =4, limg(x)=0, limh(x)= -2

z—1 rx—1 z—1

compute the following limits using limit laws:

(a) lim [/ (2)? + 3h(x)]
[f(o:) + h(x)}

(b) lim PEEES]

r—1
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Calculus 1 Section 2-4: Limit Properties

Question 7 - Solution

We are given:
lim f(z) =4, limg(x)=0, limh(x)= -2

z—1 rx—1 z—1

(a) Use the limit laws for powers and linear combinations:

T [£(2)? + 3h(x)] = (Jim f(2)® + 3+ lim h(x) = (42 +3(~2) = 16— 6 =

(b) Use limit laws for addition, powers, and quotients (denominator never zero):

f@)+h(x)]  lim, 1 (f(x) +h(z) 4+(-2) 2
{ g(a)? +1 } a

lim
rx—1

lim, ,;(g(z)2+1)  02+1 1
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Calculus 1 Section 2-4: Limit Properties

Question 8
Assume the following limits exist:

lim f(z) =2, lim g(xz)=3
rz——1

r——1

Evaluate the limit:
lim [(f(z) — g(x))* + 4f (x)]

rx——1

Use limit laws to justify each step.
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Calculus 1 Section 2-4: Limit Properties

Question 8 - Solution

We are given:
lim f(z)=2, lim g(z) =3

rx——1 r——1
We evaluate:

lim [(f(2) — g(x))? + 4f ()]

r——1

Step 1: Apply limit laws to each part
First, consider the difference:

lim (f(z) —g(z)) = lim f(z)— lim g(z)=2-3=-1

z——1 z——1 z——1

Now square the result:
lim (f(z) - g(2))* = (1) =1

rz——1

Next, evaluate the linear term:

lim 4f(z) =4- 1_i)rr_11f(9c):4-2:8

x——1

Step 2: Combine results
Using the sum rule for limits:

lim [(f(x) — g(2))* +4f(x)] =1+8 =[9]

z——1
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Calculus 1 Section 2-4: Limit Properties

Question 9
Let lim f(x) =5 and lim g(z) = —2.
Evaluate the following limit using limit laws:

(55275

r—3

Justify each step using properties of limits.
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Calculus 1 Section 2-4: Limit Properties

Question 9 - Solution

We are given:
lim f(z) =5, lim g(z) = -2

x—3 xr—3
We need to evaluate: )
(L 4300)
e=3 \ g(x) — f(z)

Step 1: Use limit laws in numerator and denominator.

Numerator: )
lim 10" = (limy 1)) =5 =25
lim 3g(x) = 3 lim g(x) = 3+ (2) = 6
So, ign%)(f(x)Q +3g(z)) =25 -6=19
Denominator:

lim (9(x) — () = lim g(2) — lim f(x) = ~2 5= 7

r—3 r—3

Step 2: Final Answer

(@R +3g@) 19 [ 19
ii“%<g<x>—f<z>>‘—7‘ 7
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Calculus 1 Section 2-4: Limit Properties

Question 10

Let the functions f(z), g(z), and h(z) satisfy the inequalities:
g9(x) < f(z) < h(z)

for all x near 2 (but not necessarily at 2), and suppose:

lim g(z) =4 and 31:1_>n12 h(z)=4

r—2

Use this information to determine:

lim f(x)

r—2

Explain the reasoning behind your conclusion.
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Calculus 1 Section 2-4: Limit Properties

Question 10 - Solution

We are told that for all z near 2:
g(z) < f(z) < h(z)

and
lim g(x) =4, limh(z)=4
T—2

r—2

This is a perfect scenario to apply the ”Squeeze Theorem”, which states:
If g(z) < f(z) < h(x) near x = a, and

lim g(z) = lim h(z) =L

r—a r—a
then
lim f(z) = L
Applying this here:
lim f(z) =
z—

Conclusion: By the Squeeze Theorem, since both bounding functions tend to 4 as x — 2, so must f(z).
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Calculus I Section 2-5: Computing Limits

Question 1
Evaluate the following limit, showing all necessary steps and justification:

. 2 +4 -2
hmi
x—0 x€X
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Calculus I Section 2-5: Computing Limits

Question 1 - Solution

We are given:
. x2+4-—2
lim ———
z—0 xT
At x = 0, this becomes:

vO+4—-2 2-2 0
0 0 0
This is an indeterminate form, so we must simplify the expression.

Step 1: Multiply numerator and denominator by the conjugate.
Multiply by:

Vat+4+2
VrZ+4+2
Va?+4-2 Va?+4+42 (Va2 +4-2)(Va2+4+2)
x VaZ+442 z(Vz? 4+ 44 2)

The numerator is a difference of squares:
(Va2 +4)2 —22 =22 +4 -4 =22

So the entire expression becomes:

2

X X
e(ViZ+4+2) VaZt+4d+2

Step 2: Evaluate the limit.

Now:
0 0

X
lim = = - =
e=0 /22 +44+2 JO0+4+2 4

Final Answer:

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-5: Computing Limits

Question 2

Evaluate the limit:
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Calculus I Section 2-5: Computing Limits

Question 2 - Solution

We are given:

Step 1: Check for indeterminate form.
At z = 3, the numerator becomes:
2 -9=9-9=0

The denominator becomes:
r—3=0

So we have the indeterminate form 2. We must simplify.

Step 2: Factor the numerator.
22— 9= (x—3)(x+3)

N ($_j)£2+3)

Cancel the common factor z — 3 (note: this is valid for z # 3):

=x+3
Step 3: Take the limit of the simplified expression.

limz +3=3+3=6]

Final Answer: @
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Calculus I Section 2-5: Computing Limits

Question 3

Evaluate the limit:

o V1lI+zr—1
hm _—
x—0 €T
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Calculus I Section 2-5: Computing Limits

Question 3 - Solution

We are given:

. Vit —1
lim ——
x—0 x

Step 1: Check for indeterminate form.
At x = 0, the expression becomes:

VIF0-1 1-1 0

0 0 0
So we have the indeterminate form %. To resolve this, we rationalize the numerator.
Step 2: Multiply numerator and denominator by the conjugate of the numerator.

Vitz—1 Vitz+l  (1+z-1)
T Vitz+1 z(1+z+1)

Cancel z from numerator and denominator:

z(V1I+z+1)

1
Vit z41

Step 3: Take the limit of the simplified expression.

1
Final Answer:

1 1 1
lim = = -
a=0/T+z+1 V141 2
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Calculus I Section 2-5: Computing Limits

Question 4

Evaluate the limit:
- sin(3x)

z—0 xT
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Calculus I Section 2-5: Computing Limits

Question 4 - Solution

We are asked to evaluate:

I sin(3x)
x—0 x€X
Step 1: Use standard limit identity
Recall the standard identity:
lim sin(kx) _
x—0 x
This applies directly here with k = 3.
lim sin(3x) _3
x—0 xr

Answer:
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Calculus I Section 2-5: Computing Limits

Question 5

Evaluate the following limit:
. x—4
lim ——
z—4

-2
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Calculus I Section 2-5: Computing Limits

Question 5 - Solution

We are given:

I r—4
zligl \/> -2
Step 1: Direct Substitution
Substitute x = 4:
4—4 0
Vi-2 0

This is an indeterminate form, so we need to simplify.

Step 2: Use Algebraic Manipulation
We can rationalize the denominator. Multiply the numerator and denominator by the conjugate of the
denominator:

r—4 Ve+2 (z-4)Wr+2)
N RN E S R W W)

Simplify the denominator:
Vz-2)Vz+2)=2-4

So the expression becomes:

(z—4)(Vz +2)
x—4

Cancel the common factor  — 4 (note: valid as x — 4, not at z = 4):

=z +2

Now take the limit:

linix/f—&-2:\/1+2:2+2:
z—
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Calculus I Section 2-5: Computing Limits

Question 6

Evaluate the limit:
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Calculus I Section 2-5: Computing Limits

Question 6 - Solution

We are asked to evaluate:

Step 1: Factor the numerator
Recall that 22 — 1 = (z — 1)(x + 1). So,

-1 (z—1)(z+1)

r—1 r—1
For x # 1, we can cancel z — 1 from numerator and denominator:
=z+1
Step 2: Take the limit
Now that the expression simplifies to 4+ 1, we compute:

lim(z +1) =2
r—1

Answer:
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Calculus I Section 2-5: Computing Limits

Question 7

Evaluate the limit:
lim V1i+3r—+V1+zx

z—0 x
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Calculus I Section 2-5: Computing Limits

Question 7 - Solution

We evaluate
lim Vi+3r—+V1+«x

x—0 xT

Step 1: Identify the Indeterminate Form
Substituting x = 0 gives

Vi-vi_0

0 0’

which is an indeterminate form. Algebraic simplification is required.

Step 2: Multiply by the Conjugate

Multiply the numerator and denominator by the conjugate of the numerator:

Vi+3z—V1i+z V1+3z+V1+z

T Vi+t3z+VItz

This yields
(14+3z)— (14 x) 2

e(VIi+3z+vi+z) 2(VI+3z+Vi+a)

Cancel the common factor of z:

2
VIF3z+V/1+z
Step 3: Evaluate the Limit
Now substitute x = 0:
2 2

lim = —
=0 /1+3z++/1+xz 1+1

1.
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Calculus I Section 2-5: Computing Limits

Question 8

Evaluate the limit:

lim (\/ 22 + by — J:)

T—00
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Calculus I Section 2-5: Computing Limits

Question 8 - Solution

We are asked to evaluate:

lim (\/ 22 + by — J;)

T—00

Step 1: Indeterminate Form
As  — oo, both V22 + 5z and x grow large. The expression becomes oo — 0o, an indeterminate form.
We simplify.

Step 2: Multiply by the Conjugate
Multiply numerator and denominator by the conjugate:

( T%Iﬂ).iﬁﬁwﬁ
Va2 +5r+x

(22 + bx) — 22 Sx

C Valtbrdr Vil +brta

Step 3: Divide numerator and denominator by =

_ )
Vi+t2+1
Asa:—>oo,%—>0,so:
. 5 ) )
lim = =

5
Answer:
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Calculus I Section 2-5: Computing Limits

Question 9

Evaluate the limit:
sin(3x)

1m .
=0 tan(5z)

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-5: Computing Limits

Question 9 - Solution

We evaluate
sin(3x)

im .
x—0 tan(5z)

Step 1: Express tangent in terms of sine and cosine
Recall that
sin(5x)

tan(bx) = cos(52)

Thus,

tan(5z) sin(5x)

sin(3xz)  sin(3z) cos(5x) .

Step 2: Apply standard trigonometric limits

Rewrite the expression as

sin(3x) 5x 3
3z sin(z) 5 - cos(52).

Now take limits term by term as z — 0:

sin(3x) 1 S5z

— —1 3(5x) — 1.
3z " sin(bx) - cos(5z)
Therefore,
g S2G2) gy 33
2—0 tan(5zx) 5 5
3
)
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Calculus I Section 2-5: Computing Limits

Question 10

Evaluate the limit:
. 1—cos(4x)
lim —M——~

z—0 2
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Calculus I Section 2-5: Computing Limits

Question 10 - Solution

We are given the limit:
1 — cos(4x)
lim ——————
x—0 T

Step 1: Use the identity
0
1 — cos(f) = 2sin? (2>

Apply this identity to the numerator:
1 — cos(4x) = 2sin?(2x)

So the expression becomes:
2sin?(2x)
m—
x—0 x

Step 2: Rewrite the sine term

. 2
— lim 2. <sm(2x))
x—0 xX
We can write: (9 (9
sin(2z) _ sin(22) o 4 99 asz 0
T 2z

. 2
(Sm@x)) —4=2-4=38
T

So:

Final Answer:
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Calculus 1 Section 2-6: Infinite Limits

Question 1

Evaluate the following limit and describe the behavior of the function near the point of discontinuity:

lim ——
:ri>n1f1* (.13 — 1)2
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Calculus 1 Section 2-6: Infinite Limits

Question 1 - Solution

We are asked to evaluate:
lim ———
o1 (z — 1)

Step 1: Observe the behavior of the denominator
As x — 17, the value of x — 1 becomes a small negative number. Squaring it makes it a small positive

number:
(x—1)>>0 but very small

So the expression becomes:
3

— +00
small positive number *

Conclusion:
The function grows without bound as x approaches 1 from the left.

m ——— =
zinllf (ZL‘ — 1)2 o
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Calculus 1 Section 2-6: Infinite Limits

Question 2

Evaluate the limit:

. tanx
lim .
z—0t T
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Calculus 1 Section 2-6: Infinite Limits

Question 2 - Solution

We evaluate

tanx

z—0t T
Method 1: Local Approximation

As x — 0, the Taylor expansion of tan x is

23
tanr =+ — +---.

3
Thus,
3
tanz x+ 5+ z?
x T 3
As z — 07, the higher-order terms approach 0, so
tanx
lim =1.
r—0t+ X
Method 2: Rewrite Using Sine and Cosine
Recall that )
sinx
tanx =
Ccos T
Then,
tanz  sinz 1
xr oz  cosx
Now evaluate each factor as x — 0%
lim ST _ 1, lim cosz=1
rz—0t I r—0t
Therefore,
t 1
lim 2T g o,
=0+t X 1
Conclusion
tan
lim 2
rz—0+t T
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Calculus 1 Section 2-6: Infinite Limits

Question 3

Evaluate the following limit:
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Calculus 1 Section 2-6: Infinite Limits

Question 3 - Solution

We are given:
li 1
im ——
=3~ (. — 3)2

Step 1: Analyze the behavior of the denominator
As x — 37, we are approaching 3 from the left. The expression  — 3 becomes a small negative number.

But since it is squared:
(r —3)2 = 0" (very small positive number)

Step 2: Behavior of the function
Since we are dividing by a very small positive number, the entire expression becomes very large:

1

CEE A

Conclusion:
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Calculus 1 Section 2-6: Infinite Limits

Question 4

Evaluate the following limit:
5

im
z—1t . — 1

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 2-6: Infinite Limits

Question 4 - Solution

We are given:
5

im
z—1t . — 1

Step 1: Understand the behavior of the denominator
As x — 17, we are approaching 1 from the right. This means x — 1 is a small positive number.

Step 2: Behavior of the whole expression

5 5
*>
r—1 small positive number

— +00

Conclusion:
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Calculus 1 Section 2-6: Infinite Limits

Question 5

Evaluate the following limit:
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Calculus 1 Section 2-6: Infinite Limits

Question 5 - Solution

We are given:

Step 1: Analyze the expression
As x — 07, x is approaching 0 from the left. So x is negative, but very close to 0.

Now, consider the square of x:
22 >0 for all  # 0

Even though z is negative, 22 is positive. As x — 07, 2 — 0T
Step 2: Behavior of the expression

1 1
= =
z2 small positive number

— 0

Conclusion:
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Calculus 1 Section 2-6: Infinite Limits

Question 6
Evaluate the limit:

li —_—
voa (4 2)3
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Calculus 1 Section 2-6: Infinite Limits

Question 6 - Solution
We are asked to evaluate: A
li —_—
w—)lr—nQ‘*' (.Z’ + 2)3

Step 1: Analyze the denominator
As x — —27, we approach —2 from the right, so:

r+2— 0" (asmall positive number)
Now consider the cube:
(x+2)® — 0% (still positive, but very small)

Step 2: Behavior of the expression
Since the numerator is positive and the denominator approaches a very small positive number:

4

—_—
@rop T

Conclusion:

4

lim =
eopt (123
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Calculus 1 Section 2-6: Infinite Limits

Question 7

Evaluate the limit:
22 +3zx—4

z—1— rz—1
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Calculus 1 Section 2-6: Infinite Limits

Question 7 - Solution

We are given:
2?2 +3r -4

r—1— rz—1

Step 1: Factor the numerator
Factor the quadratic:
2?43z —4=(x+4)(z—1)

So the expression becomes:
(x+4)(z—-1)
x—1
We can cancel  — 1 when x # 1:
=x+4 forx#1

So the original expression simplifies to x + 4, and we can evaluate the limit directly.

Step 2: Evaluate the limit
Since we simplified the expression:

lim (z+4)=1+4=5

r—1-
Conclusion:
2
—4
fim 3T g
r—1— r—1
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Calculus 1 Section 2-6: Infinite Limits

Question 8

Evaluate the limit:

im
z—2+ T — 2
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Calculus 1 Section 2-6: Infinite Limits

Question 8 - Solution

We are given the limit:
1

im
z—2+ T — 2

Step 1: Analyze the expression near z = 2+
As x approaches 2 from the right, the value of x — 2 becomes a very small positive number. Therefore,
I—iQ becomes a very large positive number.

1
r—=2t = z—-2-50t = —2—>+oo

Conclusion:

= +00

1m =
z—2+ x — 2

This indicates that the function grows without bound as x approaches 2 from the right.
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Calculus 1 Section 2-6: Infinite Limits

Question 9

Evaluate the limit:
20+ 1

z—0— x
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Calculus 1 Section 2-6: Infinite Limits

Question 9 - Solution

We are asked to evaluate:

. 20+ 1
lim

x—0~ x

Step 1: Behavior near zero from the left

As x — 07, the numerator 2z + 1 — 1, since 2x — 0~ and 1 is a constant.
The denominator  — 07, which is a small negative number.

So the entire fraction behaves like:

20 +1 1
r tiny negative

Step 2: More formal analysis (optional)
We can write:

Asz — 07, % — —o00, and the constant 2 becomes negligible in comparison.

Conclusion:

. 20+ 1
lim =
r—0— X
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Calculus 1 Section 2-6: Infinite Limits

Question 10

Evaluate the limit:

im
z—3+t T — 3
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Calculus 1 Section 2-6: Infinite Limits

Question 10 - Solution

We are given:

5

1m
z—3+ T — 3

Step 1: Analyze the denominator
As x — 37, the value of x is slightly greater than 3, so  — 3 is a small positive number.

1
r—3—-0"=> —— - +o00
-3

Multiplying by 5, we have:

Conclusion:
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 1

Evaluate the limit:
623 — 422 + 10

Z300 3z3 +5x -7

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-7: Limits at Infinity, Part I

Question 1 - Solution

We are given:

63 —42?+10
lim ——————
z—oo 313 +5r —7

Step 1: Identify the dominant terms.
As 2 — 00, the highest degree terms dominate: Numerator: 6z , Denominator: 3a3
So we focus on:

60" _
33
Step 2: Divide all terms by z3:
6-24+18 6
Conclusion:
63 —42?+10
llm ————— =2
z—oo 313 +5r —7

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-7: Limits at Infinity, Part I

Question 2

Evaluate the limit:

lim (\/ 22 + by — J:)

T—00
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 2 - Solution

We are given:

lim (\/ 2 + 5z — x)

T—r00

This expression is of the indeterminate form oo — oo, so we need to rationalize:

Multiply by the conjugate:
Va2 4+ b+
(\/z2+5x—x) e
Va2 +5x+x
This gives:
(Va2 +52)% — 22 2%+ 5z —2? 5z

V2t br+x  Vii+br+z Viitbrtao

Now divide numerator and denominator by x:

5
1+5+1

Asa:—>oo,2—>0,so:
) 5 5

Jit0+1 1+1 2

Final Answer:

)
2
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 3

Evaluate the limit:
32—z +4

im ————
z—o0 5x2 + T — 9
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 3 - Solution

We are given:
. 3P —ax+4

lim ————

z—o0 512 + To — 9

To evaluate this limit, we divide both numerator and denominator by z2, the highest power of z:

1 4
i ST
T
As ¢ — oo, the terms %’%7%71% — 0, so we get:
3—04+0 3
540-0 5

Final Answer:
3
5
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 4

Evaluate the limit:
. 623 + 4z — 1
lim

z——oco =223 + 722 +5
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Calculus I Section 2-7: Limits at Infinity,

Part 1

Question 4 - Solution

We are given:
623 + 4z —1
lim ————————
z——o00 —213 + 722 4+ 5

We divide both the numerator and denominator by x3, the highest power of x:

4 1
= lim s s
r——00 —2 + % + %

As x — —o0, all terms with negative exponents approach zero:

_6_
- ==

-3

Final Answer:

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-7: Limits at Infinity, Part I

Question 5

Determine the limit:
bt =322+ +1
lim

zoo 23 +4x—7
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 5 - Solution

We are given:
. bt =322+ +1
lim
z—oo 223 +4x —T

Step 1: Compare the degrees of the numerator and denominator.

Degree of numerator: 4 , Degree of denominator: 3

Since the degree of the numerator is greater than the degree of the denominator, the limit is infinite (the
function diverges).

Step 2: Determine the sign of the infinity.

As x — oo, both numerator and denominator are positive:

5z% + smaller terms
223 + smaller terms

So the limit tends to:
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 6

Evaluate the limit:
35 — 222+ 1

z—oo xb + 413 —x
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 6 - Solution
We are given:
. 3% —22%2+1
lim ———
z—oo x5 + 43 —x

Step 1: Divide numerator and denominator by the highest power of 2, which is z°:

2 1
_hmw
= 1 1

— = — =
‘Tool‘i'xz povcs

Step 2: As z — o0, all terms with negative powers of z go to zero:

3—0+0
=100 18
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 7

Evaluate the limit:
o bt 4 —Tr+1
lim

z——co —2x3+3x—9
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 7 - Solution

We are given:
. Sxd3 4+ 2% —Tx +1
lim
z——oc  —213+3x —9

Step 1: Factor out the highest degree of x from both numerator and denominator:

o PGt E )

ST A (2t 3 - )

Cancel the common factor of z3: L. )
I il B

T——00 —2—|—L%—%

Step 2: Let x — —oo. All terms with negative powers vanish:

540-0+0

9
—2+0-0 2
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 8

Determine the limit:
62—z +38

oo \/xpd + 322 + 1
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 8 - Solution

We are given:

. 622 —xz+8
lim ——
z—00 /g4 4 322 + 1

Step 1: Rewrite the denominator using properties of radicals:

3 1
Vat+322+1=2"\/1+ 5 + =
T T

So the entire expression becomes:

622 —x +8 _962(6—%-1-:%)
R N F R
2.
Cancel z-: 6148
— T 2
1+ % +4

Step 2: Let x — oo:

 6-0+40 767@
VIF0+0 1
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 9

Evaluate the limit:
223 4+ 22 -5

z——oco o3 —4x +1
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 9 - Solution

We are given:
. 203 + 22 -5
lim ————
z——oco 3 — 4w +1

Step 1: Factor out the highest power of = (which is 2%) from both numerator and denominator

SIEEEE)

Cancel the common z° terms:

Step 2: Take the limit as x — —oo. All terms with %ﬂ —0:

72+0707

T 1-040
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 10

Evaluate the limit:
o bat 4327
lim ————
z—oo 202 —x + 4
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Calculus I Section 2-7: Limits at Infinity, Part I

Question 10 - Solution

We are given:
. b 4+3x -7
lim ———
z—oo 222 —x +4
Step 1: Factor out the highest power of x (which is 22) from both the numerator and denominator:
7
=)

+3%)

8 =8 |lw

+

8|8 |w
&;\7‘% ?"E\;‘\I

r—00 Q —

Step 3: Take the limit as © — oo. Terms with z% — 0:

_5+40-0 |5
T 2-0+0 |2
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 1

Evaluate the limit:

lim (\/m2+5m+7—\/x2+x>.

T—0o0
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 1 - Solution

We evaluate

lim (\/m2+5m+7—\/x2+x).

T—0o0

This expression has the indeterminate form co — co. To resolve it, we multiply by the conjugate.

Step 1: Multiply by the Conjugate

Va2 + 5+ T+ Va2 +x
:hm( 22 +5x+7— x2—|—1‘)- .
T—¥00 v v Va2 + 5z + T+ Va2 +x

This simplifies to
(22 +52+7) — (2* + )
im .
z—00 /22 + 5z + T+ Va2 +x

Step 2: Simplify the Numerator
(2 +52+7) — (2 + ) =4o +7,

so the limit becomes
. doe +7
lim

e—oo \/22 £ 52 + 7+ V22 +

Step 3: Factor Out z

Factor x from each square root:

. 44
_llm T
e+t n e 14l
Step 4: Take the Limit
As x — oo,
7 1
-—0, -——=0, -0 —--=0
x x x X
Thus,
441 4

2.

ERY L Ry

Final Answer
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 2

Evaluate the limit:
322 +T7x—5

m —
r——oco /x4 4222 + 1
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 2 - Solution

We evaluate

. 3x2+T7x—5
lim —————
z——o0o \/p4 4 222 + 1

Step 1: Rewrite the denominator carefully

Note that

Vat + 222 +1= /(22 +1)2 = [22 + 1.

Since 22 4+ 1 > 0 for all real z,
le2 + 1| = 2? + 1.

Thus, the expression becomes
3x2 +7x—5
2+1
Step 2: Divide by the highest power of x

Divide both numerator and denominator by z?:

3+3 -
1+ 2%
Step 3: Take the limit
As v — —o0,
7 5
-—=0, 5—0, ——=0
x X
Therefore,
347 _ 5
lim Ot e e —3_3

Final Answer
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 3

Evaluate the limit:

lim (\/x2+6x+5—\/x2+2:c+1).

r—r00
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 3 - Solution

We evaluate

lim (\/x2+6$+5—\/x2+2:c+1>.

Tr—r0o0

This expression has the indeterminate form co — 0o, so we rationalize.

Step 1: Multiply by the Conjugate

Va2 +6x+5+vVa2+2x+1
V2 +6r+5+vV2+20+1

= le (\/x2+6x—|—5— \/x2—|—2:c—|—1) .
This simplifies to
(2% + 62 +5) — (2% + 22 + 1)

1m .
z=oo /22 + 6z +5+ Va2 +2r+1

Step 2: Simplify the Numerator
(2 + 62 +5) — (2% + 22+ 1) = 4o + 4,

so the limit becomes
. 4dr +4
lim

2500 /22 + 62 + 5+ Va2 + 2z + 1

Step 3: Factor Out =

Factor x from each square root:
. dxr +4
= lim , .
a1t 1124 L)

Divide numerator and denominator by x:

4+4
= lim ‘ L .
Hw\/1+g+w%+¢1+§+z%

Step 4: Take the Limit

As & — o0, all terms involving % and higher powers go to 0. Therefore,

4+12 4
lim L

=" =2
YRR R S

Final Answer
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 4

Evaluate the limit:
) 3 4+22%2 —5x+7
lim

z——co g3 —4ax+1
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 4 - Solution

We are asked to evaluate:
5 23+ 222 -5+ 7
im

Z——00 3 —4dx +1

Step 1: Compare the degrees of numerator and denominator

Both numerator and denominator are degree 3 polynomials.
When the degrees are the same, the limit as  — Foo is the ratio of the leading coefficients.

Step 2: Extract leading terms

Numerator leading term: =3 , Denominator leading term: z3

So,

8 v

+ 5
S o =,

23+ 222 —bx +7 1+
1

+ %QM‘ ot

1 1
ezt
As x — —o0, all terms with g%k —0for k>0
Step 3: Evaluate the limit

1+0-0+0 1

im ——=-=1
z—w—c0 1—0+4+0 1

Final Answer:
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 5

Evaluate the limit:

, < 2+ 3z -7 )
lim (| ——
=00 \ \/at 4+ 223 + 5
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 5 - Solution

We are given:
) < 2?2+ 3z -7 )
lim ( ——
z—oo \ Vot 4223 4+ 5
Step 1: Understand the growth of numerator and denominator
As x — 00, both numerator and denominator tend to infinity, so we need to simplify.

Step 2: Factor out highest power of z
In the numerator: highest power is 22 In the denominator (inside square root): highest power is x

Factor numerator:
9 3 7
T
Factor denominator inside square root:

2 5 2 5
\/x4<1++4>:x2 1+=+ =
x T x T

Step 3: Substitute factored forms into the expression™*

4

Cancel z2:

Step 4: Take the limit as z — oo
As x — oo, all terms with % go to 0:
1+3 -5 1+0-0 1

HOO\/1+2+% VIF0+0 1

Final Answer:
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 6

Evaluate the limit:

. (3x3+2x2—x+5>
lim
20+ 22 +1

T—r—00
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Calculus 1

Section 2-8: Limits at Infinity, Part II

Question 6 - Solution

We are given:

(3x3+2x2—x+5>
20+ 22 +1

T—r—00

Step 1: Factor out highest powers
Numerator is a cubic polynomial: factor z3:

2 1 5
3x3+2x2—x+5:x3(3+x—+ )

2 3

Denominator is a square root of a degree-6 polynomial:

Note: Since x — —o0, we have |z

So,

1 1
Vab+a?+1= 2’|\ [1+ 7 + =
x x

3| = —g3

1 1
Vb + 22 + :—$3\/1+7+7
x x

Step 2: Substitute into the expression

Cancel z3:

Step 3: Take the limit as * - —©

All terms with

Final Answer:

lim

St et _ 3
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 7

Evaluate the limit:

lim x(\/x2+5x—x).

T—00
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 7 - Solution

We evaluate

lim x(\/x2+5x—x).

T—r00

VrZ+5r — 0o and x — 00,

so the expression inside the parentheses has the indeterminate form oo — oco.

At first glance, as z — oo,

Step 1: Rationalize the Expression

Multiply the expression inside the parentheses by its conjugate:

N (Va2 + b5z — z)(Vz? + bz + x)
Va?+5br+x

Using the identity (a — b)(a + b) = a® — b?, we obtain

(22 + 5x) — 22 5z

- V2 £ br+x Vrltbr+ax

Thus the original limit becomes

. 5%
lim «x -

soo0 22+ br4a

Step 2: Simplify

Rewrite the expression as

. 52
lim ————.
=00 /12 + 5y + x

Factor x out of the square root:

\/m2+5x:x\/1+g (x> 0).

Substitute:

52 B 5
p(1+2+41) 14241
Step 3: Take the Limit
Asm—>oo,%—>0,so
1+2 51
T
Therefore,
. ox .o
lim = lim — =
T—00 1+ 5 +1 r—o0 2

Final Answer

’ The limit diverges to oco.
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 8

Evaluate the limit:

lim z2 (\/xQ + 4z — :1:) .

T—00
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 8 - Solution

We evaluate
lim z2 (\/xQ + 4z — a:) .

T—00
As © — oo, both vx2 + 4z and x approach infinity, so the expression inside the parentheses has the
indeterminate form oo — co. Multiplying by z? significantly changes the behavior of the limit, so careful
analysis is required.
Step 1: Rationalize the Expression

We first rationalize the difference:

N (Va2 + 4z — 2)(Va? + 4z + 2)
Va2 +4x +x '

Using the identity (a — b)(a + b) = a® — b?, this becomes

(22 + 4z) — 22 4

N vzl +4z + B Va2t dr + 1

Substitute into the original expression:

1 4z
lim 22— — -

Iim ——.
z—00 Va2 +do +x ooz f4x + o

Step 2: Simplify
Factor x out of the square root:

4
\/$2+4$=1‘\/1+; (x> 0).

Then
423 B 42
x( 1+§+1) 1+441
Step 3: Take the Limit
Asx%oo,%%(),so
4
1+-—=1
T
Thus,
43)2 2
lim = lim =00
g0 [y + % 1 rz—00 2

Final Answer

’ The limit diverges to co.
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 9

Evaluate the limit:
3 4+ 422 — 7

z——oco 203 — br + 1
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 9 - Solution

We are given the rational function:
23 +422 -7
im ————
z——o00 223 — by + 1
Step 1: Analyze degrees of numerator and denominator
- The highest degree in both numerator and denominator is 3. - For limits at infinity, when the degrees
match, the limit is the ratio of the leading coefficients.
So:
4422 -7 1

im ————— = —

z——00 223 —bx+1 2
Step 2: Justify with algebraic manipulation (optional)
Divide numerator and denominator by x°:

EET e
T2-54+ 4
As x — —oo, the fractions go to O:
1+0-0 1
2-0+0 2

Final Answer:
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 10

Evaluate the limit:

lim x(\/x2+3x—x).

T—00
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Calculus I Section 2-8: Limits at Infinity, Part II

Question 10 - Solution

We evaluate
lim z (\/952 +3x—x) )

T—r00
As z — oo, both vx2 + 3z and = grow without bound, so the expression inside the parentheses has the
indeterminate form oo — co. Multiplying by x changes the rate at which the expression grows, so careful
analysis is required.
Step 1: Rationalize the Expression

We first rationalize the difference:

Va2 1 35—z = (Va2 + 3z — 2)(Va? + 3z + 2)
Va2 + 3z +x '

Using the identity (a — b)(a + b) = a® — b?, this becomes

(22 + 3z) — 22 3z

N vz +3z+z B V2 + 3z 4+

Substitute this into the original limit:

. 3x 3z
lm 2 —— =

lim ——.
g0 24+ 3zx+ax TooViP+43z+w

Step 2: Simplify
Factor x out of the square root:

3
\/$2+3$=1‘\/1+; (x > 0).

Then
32 _ 3z
x( 1+§+1) 1+341
Step 3: Take the Limit
Asx%oo,%%(),so
1+ 3 —1
T
Therefore,
. 3x .
lim = lim — =
zoe [y % 41 T 2

Final Answer

’ The limit diverges to co.
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Calculus I Section 2-9: Continuity

Question 1

Let the function f(z) be defined as:

kx?4+3x+1, ifrx<2
fl@)=+ .
x> —3kx+c, ifxz>2

Find the values of constants k and ¢ such that f(x) is continuous and differentiable at x = 2.

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-9: Continuity

Question 1 - Solution

We are given:
kx? +3z+1, ifz<?2
fl@)=9 3 .
r° —3kx+ec, ifzr>2

We want f(z) to be both:
1. Continuous at x = 2 2. Differentiable at x = 2

Step 1: Continuity at x =2
For continuity, we need:

lim f(z)= lim f(z) = (2)

T2~ r—21

Left-hand limit:
lim f(z)=k(2)?*+32) +1=4k+6+1=4k+7

T2~
Right-hand limit:
lim f(z)=(2)*-3k(2) +c=8—6k+c

r—271

Set them equal:
dk+7=8—-6k+c (1)

Step 2: Differentiability at = = 2
Derivatives:

Left: f'(z) =2kx+3= f'(27) =4k +3
Right: f'(z) =32% — 3k = f/(27) =12 - 3k

Set equal:
4k +3=12-3k (2)

Step 3: Solve the system
From (2):

4k+3:12—3k:>7k:9:>k:%

Substitute into (1):

9 9 36 54 8 2 83

Final Answer:
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Calculus I Section 2-9: Continuity

Question 2

For real constants a and b, let

b, x=0.

Classify the pairs (a, b) for which f is continuous at zero and those for which it has a removable discontinuity
there.
State how to remove the discontinuity.
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Calculus I Section 2-9: Continuity

Question 2 - Solution
For a # 0, write

sin(ax) _ asm(am) v
x ax

For a = 0, the quotient is identically zero away from zero, so the same limit holds.
Thus lim, ¢ f(z) = a for every real a.

Since f(0) = b, continuity holds exactly when .
When the limit exists but differs from f(0), so the discontinuity is removable by resetting f(0) = a.
A function cannot be both continuous and discontinuous at the same point.
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Calculus I Section 2-9: Continuity

Question 3

Let the function f(z) be defined by:

x2—4
P
f@)={ s "7
k, r=2

Determine the value of k such that f(x) is continuous at = = 2.

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 2-9: Continuity

Question 3 - Solution

We are given:

x2—4
2
f@) = w2 7
k Tz =2

)

To make f(z) continuous at « = 2, the following condition must hold:

lim f(z) = f(2)

r—2

Step 1: Compute the limit as x — 2
Factor the numerator:
2?2 —4=(z—2)(x+2)

For x # 2, the function simplifies to:

fl@)=z+2
So,
lim f(z) = lim(z +2) =4
z—2 r—2
Step 2: Match the function value
Continuity requires:
F@) =k=14
Final Answer:
k=4
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Calculus I Section 2-9: Continuity

Question 4

Consider the function

sin(3z) T
f(x)Z{ s

c, z=0

Find the value of ¢ that makes f(z) continuous at x = 0.
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Calculus I Section 2-9: Continuity

Question 4 - Solution

We are given:

c, z=0

sin(3x)
f(x){ S

We want f(z) to be continuous at = 0. This means:

lim f(x) = £(0) =

x—0

Step 1: Compute the limit as x — 0
We use the standard limit identity:

lim sin(kx) —
x—0 x

So, in our case:
lim sin(3x) _3
z—0 x

Step 2: Set the limit equal to the function value
To ensure continuity at x = 0, we must have:

Final Answer:
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Calculus I Section 2-9: Continuity

Question 5

Let the function f(z) be defined as

f(2) ka? + 2z, T <3
xT) =
x2—4kx+9, r >3

Find the value of k that makes f(x) continuous at x = 3.
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Calculus I Section 2-9: Continuity

Question 5 - Solution

We are given:
ka? + 2z, x <3
f(x){x2—4k‘x+9, r >3

To ensure continuity at x = 3, the left-hand and right-hand limits must agree, and they must equal the
function value:

lim f(z) = lim f(z)= f(3)

r—3~ z—3*1

Step 1: Left-hand limit as z — 3~
From the first piece:
lim f(z) =k(3)*+2(3) =9 +6

T3~

Step 2: Right-hand limit and f(3)
From the second piece:

f3)=(3)*—4k(3) +9=9—-12k+9 =18 — 12k

Step 3: Set the two expressions equal for continuity

9k +6 =18 — 12k
Solve for k:

12 4
12k =18 — 621k =12k = — = =
9k + 12k 8 — 621k k 51— 7

Final Answer:
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Calculus I Section 2-9: Continuity

Question 6

Let the function f(z) be defined as:

sin(ax) {17750
o= {5

Find the values of constants a and b such that f(x) is continuous at « = 0.
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Calculus I Section 2-9: Continuity

Question 6 - Solution

To ensure continuity at x = 0, we must have:

lim f(x) = £(0) = b

x—0
We are given:
sin(ax
flay =20 g
T
f(0) =20
We evaluate the limit:
lim sin(ax) — lima sin(ax) — 4 lim sinw nlea
x—0 x x—0 ax u—0 U

So for continuity, we must have:
lim f(x) =a=b

x—0

Final Answer:

‘AnyaeRandb:a
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Calculus I Section 2-9: Continuity

Question 7

Let the function f(z) be defined by

22 —4, x<?2
f(@) =
kx+1, z>2

Determine the value of k that makes f(z) continuous at x = 2.
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Calculus 1

Section 2-9:

Continuity

Question 7 - Solution

We are given a piecewise function:

22 -4, <2
f(x){k‘x—i—l, x> 2

To ensure continuity at © = 2, we require:

Evaluate the left-hand limit:

lim f(z) = lim f(z) = £(2)

T—2~ r—2+1

Evaluate the right-hand limit:

lim f(z)= lim (kx+1)=2k+1

z—2t z—2t

Set the two limits equal for continuity:

Final Answer:

1
2kt1=0 = k=7
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Calculus I Section 2-9: Continuity

Question 8

Let n(3)
Sin xr , $ 0
f(a) = { s B

c, z=0

Find the value of ¢ that makes f(z) continuous at z = 0.
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Calculus I Section 2-9: Continuity

Question 8 - Solution

To ensure continuity at x = 0, we require:

lim () = £(0) = c

z—0
Compute the limit:

lim sin(3x) — lim 3sin(3x) 3 im sin(3z)
z—0 z—=0 3w =0 3z

Thus, to make f continuous at z = 0, we must set:

c=3
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Calculus I Section 2-9: Continuity

Question 9

Let

z2—4 2
f(z) = {]:_27 ii2

Determine the value of k such that f(z) is continuous at z = 2.
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Calculus I Section 2-9: Continuity

Question 9 - Solution

We want f to be continuous at x = 2, so we must have:

lim f(x) = £(2) = k

z—2

First, compute the limit:
-4 (z-2)(x+2)
f@) = r—2 z—2

For = # 2, we can cancel the common factor:

fla)=x+2
Therefore:
lim f(z) = lim(z +2) =4
z—2 r—2
To make f continuous at x = 2, we set:
k=4
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Calculus I Section 2-9: Continuity

Question 10

Let n(3)
Sin xr , $ 0
f(a) = { s B

a, z=0
(a) Find the value of a such that f(x) is continuous at x = 0.

(b) Is f(z) differentiable at x = 07 Justify your answer.
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Calculus I Section 2-9: Continuity

Question 10 - Solution

(a) For continuity at = 0, we must have

lim f(z) = f(0) = a.

x—0

We compute the limit:

lim SR02) g 8062
z—0 xT x—0 3z
Thus, to make f(z) continuous at x = 0, we must set
a=3|
(b) Differentiability at =z = 0:
We use the definition of the derivative:
sin(3h)
oy e S = fO) T — 3
o= =

Rewrite the expression:

n(3h) _ 3 gin(3h) — 3h

h h?
Rescale by u = 3h (so u? = 9h?):
sin(3h) —3h _  sin(3h) — 3h
h? N (3h)2

Let w = 3h. Then as h — 0, u — 0, and the limit becomes

fieN e SIDU—w
FO=9 =
Using the standard limit
i SR U _ 0,
u—0 u2
we conclude that
f1(0)=o.

Conclusion: The limit exists, so f(x) is differentiable at « = 0, and

£(0) =0l
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Calculus 1 Section 2-10: The Definition of the Limit

Question 1

Let
flz)=4z -1

Use the -0 definition of the limit to prove that:

lim f(z) =7

x—2
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Calculus 1 Section 2-10: The Definition of the Limit

Question 1 - Solution

We are given:
flz) =4z -1, hm?f(sc) =7
T—

We will prove this using the e-§ definition:
Goal: For every € > 0, we must find § > 0 such that:

O<l|z—-2/<d = |fla)-T<e
Step 1: Write out |f(x) — 7|
[f(x) =7 =4z —1-7| = |4z — 8| = 4|z — 2|
Step 2: Make 4|z — 2| < e:
We can achieve this by choosing:

g

-2
e —2[ <

Step 3: Let 6 = §.
Then, for all z such that 0 < |z — 2| < §, we have:

1f(z) —7| =4z —2| <45 =4

=&

w1 o

Conclusion:
Therefore, 1i1r12 f(z) =7 by the e-§ definition.
r—
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Calculus 1 Section 2-10: The Definition of the Limit

Question 2

Let
f(z) = 2%+ 32

Use the -0 definition of a limit to prove that:

lim f(x) =4

x—1
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Calculus 1 Section 2-10: The Definition of the Limit

Question 2 - Solution

We are given:
f(z) = 2% + 32, lim1 flz)=4
T—

We want to prove using the - definition:
Goal: For every € > 0, we must find § > 0 such that:

O<|lz—1<d = |f(z)—4<e
Step 1: Write the expression |f(x) —4|:
|f(z) — 4] = |2 + 3z — 4]
Factor the expression:
2?43z —4d=(x—1)(z+4)=|f(z) -4 = |z — 1|z + 4]
We want:
|z —1llz+ 4| < e

Step 2: Estimate |z + 4|:
Assume |z - 1| <1=2€(0,2)=2+4€ (4,6)= |z +4| <6
Then:

|f(z) —4] = |z — 1|z + 4] < 6|z — 1]

To make |f(x) — 4| < ¢, it is enough to make:

6|:c71|<€:>|:1771\<%

Step 3: Let § = min{l,%
Then if 0 < |z — 1] < 4§, we have:
[f(z) -4 <e

Conclusion:
Therefore, liml(x2 + 3x) = 4 by the -6 definition.
r—r
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Calculus 1 Section 2-10: The Definition of the Limit

Question 3

Let

flz)=b5z—-1
Prove, using the e-§ definition of a limit, that:

lim f(z) =9
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Calculus 1 Section 2-10: The Definition of the Limit

Question 3 - Solution

We are given:
f(z) =5z — 1, liIr12f(sc) =9
r—

We will use the e- definition of a limit:
Goal: For every € > 0, find § > 0 such that:

0<l|z—-2/<d = |flx)-9<e
Step 1: Express |f(z) — 9|
|f(z)—9] =52 —1—9| = |5z — 10| = 5|z — 2|
We want:

3

Slr—2|<e = |gc—2|<5

Step 2: Choose §:
Let:

ot ™

Then if 0 < |z — 2| < 4§, we have:
|f(x) —9| =5z —2|<5i=¢

Conclusion:
Therefore, lirr12(5x — 1) =9 by the &-J definition.
z—
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Calculus 1 Section 2-10: The Definition of the Limit

Question 4

Let
fa)=
o
Prove, using the -6 definition of a limit, that:
1
lim — =1
x—1
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Calculus 1

Section 2-10: The Definition of the Limit

Question 4 - Solution

We are given:

fla) ==, lim fz)=1

€T r—1

We will prove this using the - definition of the limit.
Goal: For every € > 0, find § > 0 such that:

0<

1
lt—1<d = ’—1’<5
x

Step 1: Manipulate the expression

We begin by simplifying:

So we want:

Step 2: Bound |z| away from zero
Choose 6 < 2, s0 |z —1l<i=i<a<d

1

This gives us a lower bound: |z| > 5

So:

1 =z |z -1
x oz | o
|z — 1]
<€
||
-1 -1

Step 3: Ensure 2|z — 1| <¢
To make this less than e, we require:

] 1/2

9z —-1<e = |x—1|<%

Step 4: Choose ¢
Let:

. 1 ¢
§ = min (2,2>

Then whenever 0 < |z — 1| < J, we get:

1

T

Conclusion:
Thus, by the e-§ definition of a limit,

- -1

-1
‘:p: | cop—1j<20<e
||
lim - =1
z—1 21
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Calculus 1 Section 2-10: The Definition of the Limit

Question 5

Let
f(z)=5x-3
Prove, using the e-§ definition of a limit, that:
}31_>mg (bx—3)=7
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Calculus 1 Section 2-10: The Definition of the Limit

Question 5 - Solution

We are given:

f(z)=5x-3
We want to prove:
lim(bx —3) =7
z—2

using the formal -0 definition of the limit.
Definition: For every ¢ > 0, there exists § > 0 such that

O<|lz—=2|<d = |bzx-3)-T<e
Step 1: Simplify the expression

(52 — 3) — 7| = |5z — 10| = 5|z — 2|

So we want: .
Sl —2/<e = |x—2|<g

Step 2: Choose ¢
Let:

ot ™

Step 3: Conclusion
Then whenever 0 < |z — 2| < §, we have:

|(bx —3) =7 =5lzr—2|<5d=¢

Therefore, by the e-§ definition,

lim (52 —3) =7

r—2
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Calculus 1 Section 2-10: The Definition of the Limit

Question 6

Let

fla) = gu+4

Prove using the e-§ definition of a limit that:

1
lim (m + 4) =3
r—>—2 2
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Calculus 1 Section 2-10: The Definition of the Limit

Question 6 - Solution
We are given:

fla) = gu+4

and want to prove:

1
lim (:v + 4) =3
z——2 \ 2
using the formal -0 definition of a limit.
Definition: For every ¢ > 0, there exists a 6 > 0 such that

1
O<lz+2/<d6 = ‘(2x+4) 3’ <e
Step 1: Simplify the expression
1 1 1 1
So we want: )
§|x+2| <eg = |r+2/<2

Step 2: Choose ¢

Let:

Step 3: Conclusion
Then whenever 0 < |z + 2| < §, we have:

1 1 1 1
‘(2x+4) —3‘—2|ZC+2|<2-5—2(2£§)—E

Therefore, by the ¢-§ definition,

lim (11‘ + 4) =3
r——2 2
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Calculus 1 Section 2-10: The Definition of the Limit

Question 7

Let

flz)=3z-1
Use the e-§ definition of a limit to prove that:

lim f(z) =5
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Calculus 1 Section 2-10: The Definition of the Limit

Question 7 - Solution

We are given the function:

flz)=3z-1
and we are asked to prove:
1im2(3x -1)=5
T—

using the - definition.
Step 1: Recall the definition.
We must show that for every € > 0, there exists a § > 0 such that

O<|z—-2|<d = |Bzx—1)—-5l<e
Step 2: Simplify the expression inside the absolute value.
|(3z — 1) — 5| = |3z — 6] = 3|z — 2|

So we require:
€
Jz—2|<e = Jr—-2|< 3

Step 3: Choose 6.
Let

w| M

Step 4: Verification.
If0<|z—2[<é=%, then:

|f(x)—5|:|3x—6|=3|x—2\<3§=g

Conclusion: By the ¢-§ definition, we have:

lim(3x—1)=5

r—2
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Calculus 1 Section 2-10: The Definition of the Limit

Question 8

Let
fla) =a?
Use the e-§ definition of a limit to prove that:
lim f(z) =9
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Calculus 1 Section 2-10: The Definition of the Limit

Question 8 - Solution

We are given:

We want to prove that:
Ve > 0,36 >0such that 0 < |z — 3| <d = |2® - 9| < ¢
Step 1: Manipulate the expression.
|z? — 9] = |z — 3||z + 3|
We want to bound this expression. Assume |z — 3| < 1. Then:

2<zr<4d=5<z4+3<T=z+3| <7

So:
|22 — 9| = |z = 3|z + 3| < |z —3|-7

We want: .

lt—=3|- T<e=|z—3|< -
Step 2: Choose 6.
Let: -

6 = min (1,?)
Step 3: Verify.
If 0 < |z — 3| < 0, then:
22 — 9] = |z — 3|z + 3| <6-7§?7=5

Conclusion: By the e-§ definition of the limit:

limz? =9
r—3
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Calculus 1 Section 2-10: The Definition of the Limit

Question 9

Let

flz)=b5z—-1
Use the e-§ definition of a limit to prove that:

lim f(z) =9
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Calculus 1 Section 2-10: The Definition of the Limit

Question 9 - Solution

We are given:
f(z) =5z —1, 1in12(5x -1)=9
T—

We want to show that:
Ve > 0,30 > 0 such that if 0 < |z — 2| < §, then |f(z) —9| < ¢
Step 1: Work with the expression |f(z) — 9|
|f(x) =9 = |5z —1—9| = |5z — 10| = 5|z — 2|
We want:

3

5|x—2|<£:>|a:—2\<5

Step 2: Choose ¢
Let:

ot ™

Step 3: Conclusion
Then for all e > 0, if 0 < |z — 2| < J, we have:

|f(z) =9 =5z —2|<5-d=¢

Therefore, by the ¢-§ definition of the limit:

lim(5x —1)=9

r—2
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Calculus 1 Section 2-10: The Definition of the Limit

Question 10

Let

z2 -1
fla)= S
Use the e-§ definition of a limit to prove:
lim1 flz)=2
T—
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Calculus 1 Section 2-10: The Definition of the Limit

Question 10 - Solution

We are given:

22 -1
flo) =
Note that: ) )
f(m):w:erl for x # 1
rz—1
So for x # 1, f(x) =z + 1, and:
lim f(z) = lim(zx+1) =2
z—1 r—1

We now prove this using the e-§ definition.
We want to show:

Ve > 0,30 >0such that 0 < |z — 1| <d = |f(z) — 2| <¢
Since f(z) = 2+ 1 for & # 1, we compute:
[flz)=2[=lz+1-2[=|z—1]

So:
|f(z) —2] <e whenever |z—1|<e¢

Step: Choose § =«
Then if 0 < |z — 1] < 4, we get:
[f(z) =2l =z -1 <e

Conclusion: By the e-§ definition, we have:
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